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Abstract. For a fixed closed manifold P, we construct a cobordism category of embedded 
manifolds with a single Baas-Sullivan singularity of type P . Our main theorem identifies the 
homotopy type of the classifying space of this cobordism category with that of the infinite 
loop-space of a certain spectrum related to the spectrum MT(c?) introduced in We obtain 
an analogue of the Bockstein-Sullivan exact couple that arises between the classical bordism 
theories MO and MOp on the level of cobordism categories. 



Let P be a fixed closed manifold. Let W he a {d + 1) -dimensional manifold with corners 
modeled on [0, oo)^ x M'^^^. The boundary of W then decomposes into the union of two 
manifolds OqW and diW , with the property that 



Suppose further that there is a factorization, diW = /3iW x P where PiW is a manifold with 
boundary. We refer to such manifolds as P-manifolds. The submanifold OqW is referred to 
as the "boundary" of the P-manifold W; closed P-manifolds are P-manifolds with empty do 
component. Denoting by C(P) the cone over P, one can easily attach the product (3iWxC{P) 
to diW to obtain a manifold with Baas-Sullivan singularity of type P. For details on such 
manifolds, see [T] and 

We are interested in the cobordism theory of P-manifolds. To simplify our presentation we 
will assume that all manifolds are unoriented. We denote by the graded cobordism group 
of unoriented manifolds. The corresponding graded cobordism group fif of P-manifolds is 
closely related to fl^ by means of the well-known Bockstein-Sullivan exact couple: 



1. Introduction and Statement of Main Results 



didoW) = doW n diW = d{diW). 



(1) 



xP 




which arrises from the cofibre sequence of a map of the classifying spectra. 



MO 



xP 



MO 



MOp . 
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This construction can be carried out for manifolds with arbitrary tangential structure. Details 
on the construction of this exact couple can can be found in [4j. An important example is the 
case when P = {1, . . . , k} . Manifolds of this type are sometimes referred to as -manifolds. 




/3iW /3iW PiW (3iW 



Figure 1. A Z/ A -Manifold with empty do -component. The boundary decom- 
poses into the disjoint union of A identical copies of the same manifold PiW . 

Motivated by the ideas in [2], we seek to construct a cobordism category of manifolds with 
Baas-Sullivan singularities and determine the homotopy-type of its classifying space. In [6], 
the authors construct a cobordism category Cobff+i whose morphisms are (rf+l) -dimensional 
submanifolds W C [a, 6] x M''+"' that intersect the walls {a, &} x ]R'^+" transversely in dW . 
This category is made into a topological category and there are homotopy equivalences, 

Oh{Cohd+i) ~ y BDiff (M), Mor{Cohd+i) = \_\ BDiff (VT; dout) 

M W 

where M varies over diffeomorphism classes of d-dimensional manifolds without boundary 
and W varies over diffeomorphism classes of cobordisms. Here Diff(M) is the group of 
diffeomorphisms of M and Diff (W^; dout) is the group of diffeomorphims of W that restrict 
to diffeomorphisms of the incoming and outgoing boundaries. In [6j, the authors determine the 
homotopy type of the classifying space of Cobd+i . They prove that there is a weak homotopy 
equivalence 

BCobd+i ~ n'^-^Mi{d + 1). 

Here MJ{d + 1) is a spectrum whose {n + d + l)th space is the Thom-space Th([/^^„) 
where f/i^_i„ is the orthogonal compliment to the canonical {d + 1) -plane bundle over the 
Grassmanian manifold G{d+ l,n) of (c? + 1) -dimensional vector subspaces of M'^^^"'"". 

Following this work on cobordism categories, we construct a cobordism category of P-manifolds 
Cob^^_^ whose morphisms are {d+ 1) -dimensional P -submanifolds 

W C [a, 6] X M+ X ^^^-1+" 
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(with possibly non-empty (9o -component), such that 

W n {a, 6} X M+ X M'^-i+" = d^W and W n [a, b] x {0} x M^-i+" = d^W, 

where both intersections are assumed to be transverse (here, and throughout this paper we 
have, M+ := [0, oo)). We topologize this category in such a way similar to as in [H] so that 
there are homotopy equivalences. 



C6(Cob^_^i) ~ y BDiff (M)<^\ 7Wor(Cob^+i) = |J BDiff (H^)< 



M W 

where M varies over diffeomorphism classes of (i-dimensional P-manifolds with empty Oq- 
component and W varies over diffeomorphism classes of {d + 1) -dimensional P-manifolds 
with possibly non-empty c^o-component. For a P-manifold W ^ Diff(Vr)^^^ is defined to be 
the group of diffeomorphisms g : W ^ W such that the restriction g \q-^w is equal to the 
product g/3j^w x Idp where gp^^w is a diffeomorphism of (3iW . With this definition, such a 
diffeomorphism g will extend to a homeomorphism of the singular manifold 

diW 

that is smooth away from the singular conic-point. 

In the special case that the manifold P is the empty-set, the category Cohfi_^^ is isomorphic 
to the category Cobrf+i from [6]. In the special case that P is a single point (i.e., P = -k), 
then Cob^_,_^ is the category whose objects are (i-dimensional submanifolds with boundary 
and whose morphisms are ((i+ 1) -dimensional submanifolds with corners. This case is covered 
in [7]. Furthermore, for an arbitrary j9-dimensional closed manifold P, there is an inclusion 
functor 

t : Cob^+i ^ Cob^+i, 

since by definition a P-manifold is a manifold with corners. There is also a functor, 

/3i : Coh^^^ — > Cobrf^p 

which sends a P-manifold W to the {d — p) -dimensional manifold PiW . It can be checked 
that these functors are indeed continuous. These continuous functors fit into a pull-back 
diagram of topological categories, 

(2) Cobr+i CoK^, 

X P 

Cobd^p Cobrf, 

where the bottom-horizontal functor is given by sending a manifold W to W x P . Since the 
functor B : CAT — > TOV sending a small category to its classifying space preserves finite 
limits, this pull-back diagram descends to a pull-back on the level of classifying spaces as well. 

One of the goals of this paper is to determine the homotopy type of the classifying space 
BCob^+i . To do so we construct a new spectrum MJ{d + l)(p,a) as follows. 
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Fixing an embedding 



ip : P ^ 



pp+m 



(where p is the dimension of P), we get a Thom-Pontyagin map cp : 5"^+™ — y 'Vn{U;^^ 
The natural mutiphcation map 



d—p,n—m ^p,m, ^ d,n 



G{d ~ p,n — m) x G{p, m) G{d, n), 

yields a map of Thom-spaces 

-rh(/i) : Mulp,n^m) A MUp,J Mut)- 

The composition 

then induces a map of spectra 

Tp : MJ{d-p) — > MJ{d). 

There is another map of spectra jd : S~^MT((i) — y MT{d + 1), induced by the bundle 
map Uj^n — )■ t/i+^i „ covering the standard embedding G{d,n) G{d + l,n). We define 
MT{d + l)(p,a) to be the cofibre of the composition, 

(3) S-^MT(d-p) > S-^MT(d) -MT(d + l). 

Details of this construction are covered in Section |6l We now state our main result: 
Theorem 1.1 (Main Theorem). There is a weak homotopy equivalence 

BCob^+i ~ fi°°-iMT(d+ l)(p,9). 

Now, the spectrum MT{d + l)(p,a) was constructed using the Thom-Pontryagin map for a 
particular embedding of our manifold P. The homotopy class of this Thom-Pontryagin map 
only depends on the cobordism-class of P. From this observation we get. 

Corollary 1.2. Let Pi and P2 be smooth closed manifolds of the same dimension. Suppose 
that Pi and P2 are cobordant. Then there is a weak homotopy equivalence, 

BCob^li ~ BCob^^,. 

One can consider the functors, 

(4) Cob^+i Cob^+i Cob,_p 
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where i is given by inclusion and /3i sends a (c? + 1) -dimensional P-manifold W to the 
(c? — p) -dimensional manifold PiW . Applying the classifying space functor B( ■ ) to Q we 
get 

BCob,+i BCob^+i BCob,_p. 

Now since the spectrum MT{d + l)(p,<9) is defined to be the cofibre of a map 

E-iMT(rf -p) — > MJ{d + 1), 
there is a homotopy fibre sequence, 

n^~^MJ{d+l) ^^]°°^lMT(rf+ l)(p,a) ^n°°-^MJ{d-p). 

In Section |9] we show that the homotopy-fibre of the map 

B(/3i) : BCob^+i ^ BCobrf.p 
is weakly homotopy equivalent to the space Q°°~^MT{d + 1) . Using the fact that 

n°°-^MT{d + 1) ~ BCobd+i, 

we have: 

Theorem 1.3. The homotopy fibre of B(/3i) : BCob^_^j^ — ;> BCob^.p is weakly equivalent 
to BCobrf+i . 

This paper is structured as follows. Sections 2 through 4 are devoted to the construction 
of the category Coh^_^_i . We give a definition of P-manifolds in Section 2 and in Section 3 
we describe the moduli-space of P-manifolds which will enable us to topologize the category 
Cob^_^_^ in Section 4. In Section 5 we define a sheaf D^_^^ who's representing space will 
later be seen to be weakly equivalent to BCob^_|_^ . In Section 6 we construct the spectrum 
MT((i + l)(pg) and Section 7 is devoted to proving the weak homotopy equivalence of the 
representing space of D^^^^ with the infinite loopspace fl°°~^MT{d + l)(p,a). In Section 9, 
we show that the representing space of the sheaf D^_^_j^ is weakly equivalent to BCob^^_]^. 
Sections 10, 11 and the appendices are devoted to the proofs of technical results used earlier 
in the paper. Our constructions will utilize the concordance theory of sheaves. Concepts such 
as concordance, representing space, and cocycle-sheaves will be used. For definitions of these 
mathematical entities we refer the reader to [0] and jllj . 

In this paper we will only treat unoriented manifolds with a single Baas-Sullivan singularity of 
type P. One could easily adapt our proofs to derive a corresponding theorem for P-manifolds 
with arbitrary tangential structure. One could also consider manifolds with multiple nested 
singularities (see The general case of cobordism categories of such manifolds with be 
treated in the sequel. 

The author would like to thank Boris Botvinnik for suggesting this particular problem and 
for numerous helpful discussions on the subject of this paper. The author also grateful to 
Nils Baas for his encouraging remarks and to Oscar Randal Williams for very helpful critical 
comments on the earlier version of this work. 
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2. Manifolds With Singularity 

We begin with a definition of manifolds with a single Baas-Sullivan singularity. For what 
follows let P be a closed manifold of dimension p . 

Definition 2.1. Let 1^ be a d-dimensional smooth manifold with corners modeled on the 
space [0, oo)^ x R*^"^. We call W a P-manifold if W satisfies the following conditions: 

i. There is a decomposition 

dW = doW U diW 

of the boundary dW into a union of {d — 1) -dimensional manifolds with boundary 
such that the intersection 

is a closed d-dimensional manifold. It is also required that 

d{doW) = d{diW) = do,iW. 

ii. There are compatible product structures given by diffeomorphisms, 

01 : diW = > piW X P, 

00,1 : do^W ^ /3o,,W X P, 

where (3qW and (Sq^iW are both manifolds and d{(3iW) = Po^iW . It is also required 
that if i : Oq^iW — > d^W is the inclusion map, then the composition 

00;^ o i o 01 : /3o,iiy X P ^ /3iW X P 

takes the form ipf^ -^w X Idp where iiSQ-^w is the inclusion of po,iW into f3iW . It is 
convenient to denote /SqW := doW . 

iii. It is required that our P-manifolds be equipped with embeddings of collar neighbor- 
hoods. The embeddings are denoted: 

hi : diW X [0, 1) — > W, 

ho : doW X [0, 1) — > W. 

Furthermore, these embeddings have to satisfy the following compatibility conditions: 

ho{do,iWx [0,l))cdiW, 
hi{do,iWx[0,l))GdoW- 

and for (w, s, t) e do^iW x [0, 1) x [0, 1) , the following compositions must be equal: 
{w, s, t) I ^ iho{w, s),t) I > hi{ho{w, s),t), 

{w, s, t) I ^ {hi{w, t),s) I ^ hQ{hi{w, t),s). 
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To get actual singularities we do the following. Two points x,y of a P-manifold W are 
equivalent if they belong to diW or do^W and 

pr o (f)i{x) = pr o (f)i{y), 

pr o 00,1 (a;) =pro 0o,i(l/), 

where pr is the projection onto the factor of PiW or Pq^iW . We can then take the quotient 
with respect to this equivalence relation. This construction is equivalent to attaching the the 
cone over P as described in the introduction. 

It will be convenient to deal with P-manifolds prior to taking the quotient by this equivalence 
relation. We will have to make sure that all maps defined on these P-manifolds respect the 
product structures described above. In more detail, it is required that for maps 

/ -.W 

where W is a P-manifold and X is any space, the restrictions / \diw, f \do,iM must have the 
following factorizations 

^ fio^W X P . Po,iW ''"'"^ . X, 

where and fp^^^M are continuous maps. Such a map / will always descend to a map on 
the quotient by the relation defined above. 

We are interested in the cobordism theory of P-manifolds. For this we make the following 
definition. 

Definition 2.2. Two rf-dimcnsional P-manifolds Ma and are said to be cobordant if 
there is a P-manifold W of dimension c? + 1 such that 

d^W ^MaU Mb. 

In that case we denote 

ho\Ma •= ^0 ^o|m6 := ^0 

where ho is the collar embedding given in the definition of a P-manifold. We will be using 
this notation in the next section. For this reason, we refer to doW as the "boundary" of the 
P-manifold W, even though this is only one face of the entire boundary dW . Notice that 
9oM„ = = 9oM6. 

3. Moduli Space of P-manifolds 

3.1. Diffeomorphisms and Embeddings of P-Manifolds. We may now define the space 
of diffeomorphisms of a P-manifold W . Recall the definition of the product structure maps 
00,1, 01 and the collar embeddings hi, ho used in the definition of a P-manifold. 



(5) 



diW 



do,iW 
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Definition 3.1. Let W he a P-manifold with OqW = Ma U M5 (either component may be 
empty). For positive constants eo, ei we define Difi^(H^)e^ei to be the space of difi^eomorphisms 
/ : W — > W that satisfy the following conditions: 

i. The map / is a diffeomorphism of a manifold with corners. The following equalities 
hold, 

f{doW)^doW, f{diW)^diW, and f{do,iW) ^ do,iW. 

ii. The restrictions of / to the boundary components have the following factorizations 

/ \diw = <Pi^ o {fi3iw X Idp) o 01, 

/ \do,iW = <Poi ° ifl3Q,iW X Idp) o 00,1, 

where //j^vk and fjSo -^w arc diffeomorphisms of f3iW and f3ojW respectively. 

iii. The map / respects collars of width 69 and ei in the following sense: 

fohiiw,t) = h{h{w),t) ioTwed.W, tG[0,ei), 
foh^^{w,t) = h^,{fSiw),t) ioTweMa, te[0,eo), 
fohl{w,t) = hM{w),t) forweM,, ie(l-eo,l], 

where :— /iqImo , ^0 ^oIm;, , and the maps /i, /o , /o are diffeomorphisms of diW , 
Ma, and Mj, respectively. 

To eliminate dependence on the fixed values cq and ei, we take a direct limit, 
(6) DiS{W)^^^ := colim Diff(W^)^^>^ 

We now define the space of embeddings of a P-manifold. 

Definition 3.2. Let 14^ be a c? + 1-dimensional P-manifold with OqW = Ma U M^. Let 
ip : P — > be an embedding. For positive constants eo,ei we define 

Emb(W^, [0, 1] X M+ X M'^-^+" x rp+^^^p^^) 

to be the space of embeddings : 1^ ^ [0, 1] x R+ x R'^~^+" x R^'+"* subject to the following 
conditions: 

i. The embedding is a map of manifolds with corner: 

g{Ma) C {0} X {0} X M'^-i+" X W+'^, 
g{Mb) C {1} X {0} X M'^-i+" X W+'^, 
g{diW) C [0, 1] X {0} X ^^^-1+" X 
g{do,iW) C {0, 1} X {0} X M'^-i+" x 
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ii. The restrictions of the embedding g to the boundary components of W have the 
following factorizations, 

9 \diw = {gpxw X ip) o 01, 
9 WiW = {9pQ,iW X ip) o 00,1, 

where g^^w and g^^^^w are embeddings of (5iW and [5q^iW into [0, 1] x {0} x ]R'^"^+"' 
and {0, 1} X {0} x ]R'^-i+" respectively. 

iii. The embedding g interacts with the collars in the following way: 

g o hi{w,t) = {g \a^w for t G [0,ei) 

where the second coordinate on the right-hand side of the equality is understood to 
come from the IR+ -factor in [0, 1] x x ]R'^~^+"' x ]R^'+™ up to permutation of coor- 
dinates. Also, 

g o h^{w, t) = {g {w),t) for t G [0, eo), 
g o h''Q{w,t) = {g Ia/, for t G (1 - eo, 1], 

where the second coordinate on the right-hand side of the above equalities is understood 
to come from the [0, 1] factor in [0, 1] x IR+ x ]R'^~^+" x up to permutation of 

coordinates. 



To eliminate the dependence on n, eg, and ei we take a direct limit, 

(7) Emh{W, [0, 1] xM+ xR"^-^^ x mp+"^) (^.™) = colim Emh{W, [0, 1] xM+xM'^-i+" x mp+"^) (^.™) . 



n— >oo 
eo,ei-S-0 



On certain occasions we will have to consider smooth maps 

f -.W — ^ [0, 1] X R+ X X 



that satisfy the three conditions of Definition 3.2 but which may fail to be an embedding. 
That is, functions / that respect the corners, collars, and whose restriction / \dj^w have the 
factorization / |aiiy= fp^^w x ip for some smooth function fi^^w '■ (^iW — > [0,1] x M'^~-'^+". 
We denote the space of such functions by 

(8) C^iW, [0, 1] xM+xM''-i+" X MP+™)(^'.W. 

Notice that an element of C°°{W, [0, 1] x]R+x]R'^-^+" x ]Rp+"^)(^.'^> is not the same type of map 
introduced in the previous section in (|5]). Both types of maps will be important to consider. 

All mapping spaces introduced in this section are topologized using the -topology. It is 
easy to check that 

Emb(l^, [0, 1] xM+ xM^-i^ x mp+'")(-p.'") c C^iW, [0, 1] xM+xM^-i+" x Mp+™)<^) 
is an open subset. 
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[0,0,0] 



Figure 2. A neatly embedded manifold with corners in [a,b] x ]R+ x R with collars. 

Remark 3.1. The superscript P in Emh{W, [0, 1] x M+ xM^-^^ x refers to a 

specific embedded submanifold ip : P ^ ]Rp+'". The structure of the space 

Emb(iy, [0, 1] xM+ xM-^-i^ x 

depends on this choice. However, the following theorem shows that the homotopy type of this 
space is independent of the choice of embedding of P. 

Theorem 3.1. Let W be P -manifold. The space Emb(Vr, [0, 1] x M+ x M'^-i+°° x Mp+™)(-P-W 
is weakly contractible. 

Proof. Let Emb(iy, [0, 1] x M+ x be the space of embeddings g oi W with 

g{diW) C [0, 1] X {0} X 
g{doW) C {0, 1} X R+ X 



respecting collars of length eo and ei as in Definition |3.2[ see Fig 2 above. These embeddings 
when restricted to the boundary components may not respect the factorization of SiPF x P as 
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in Definition 3.2 (ii). This space is equivalent to the space of neat embeddings of a manifold 



with corners. We then define 



Emb(iy, [0, 1] X M+ X ;= colim Emh{W, [0, 1] 



d— l+oo\(*-) 

eQ,ei— >oo 



The space Emb(iy, [0, 1] x R+ x M^-i+°^ x Mp+'»)(^'.'^> can be reahzed as the pull-back of the 
diagram: 

(9) Emh{W, [0, 1] X M+ X Rd-i+oc^*) 



Emh{(3iW, [0, 1] X R+ X ^^-1+00^*) ?L ^ Emb(aiiy, [0, 1] x M+ x 

where the right-hand vertical map r is the restriction map and the bottom-horizontal map is 
induced by the projection 

d^W ^ (3iW X P ^ /3iW. 

Now, it is known that the spaces 

Emb(/3iiy, [0, 1] X M+ X 
Emh{N,^{diW), [0,1] x M+ x 
Emh{W, [0, 1] X M+ X 

are all weakly contractible; these are simply spaces of neat embeddings of manifolds with 
boundaries and corners. For proof see ^ Theorem 2.7]. 

Lemma 3.2. The restriction map 

Emh{W, [0, 1] X M+ X Rd-i+cc^*) ^2 — ^ Emb(aiVI^, [0, 1] x M+ x Rd-i+co-^{*) 

is a Serre fibration. 

Proof. We provide a proof of this lemma in Appendix |X] □ 



Clearly Lemma 3.2 implies that 

Emh{W, [0, 1] X M+ X R'i-^+^ X mp+™)(^.W 

is homotopy equivalent to the homotopy-puUback of the diagram ([9]). This together with 
weak-contractibility of the spaces in diagram ^ implies that 

Emb(iy, [0, 1] X M+ X x 

is weakly contractible. □ 
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3.2. Fibre Bundles With P-Manifold Fibres. The topological group DifS{WY^^ acts on 
the space Emb(iy, [0, 1] x x Rf^-i+f^ x rp+'»)(^'."^> by pre-composition of an embedding 
with a diffeomorphism. It is easy to see that this action is a free action. This action induces 
a quotient map, 

, : Emb(H-; |0. 1| xR, x R-- x r-)(--> ^ Emb(Vt^. |0. 1] x R x x R.^.-)(^..~> ^ 

Theorem 3.3. The above quotient map is a principal DifS(W)^^^ fibre-bundle. 

Proof. Proof is provided in Appendix |Aj □ 

Since both Emb(Vr, [0, 1] x M+ x R^^-i^ x Mp+'»)(-p."^> and DiS(WY^^ are smooth (infinite 
dimensional) manifolds, the base space of the above principal fibre-bundle is given a cannonical 
smooth structure via the local trivializations. We denote, 

and will often refer to Boo(W)^^'^^ as the moduli-space of the P-manifolds diffeomorphic to 
W . Notice that as a set, Boo{W)^^'"^'^ is exactly the set of all P-submanifolds of 

[0,1] xM+ X M'^-i^^ X 

that are diffeomorphic to W . The weak contractibility of 

Emb(iy, [0, 1] xM+ X M'i-i^ x 

along with the fibre-bundle structure implies that there is a weak homotopy equivalence, 

(11) B^iwY^'"^^ ^ BDiS{WY^\ 

where BDiff(H^)^^^ is the classifying space of the topological group Diff(14^)^^^. 
Using the well-known Borel construction we define, 

(12) E^iwY^'""^ := Emh{W, [0, 1] x M+ x x mp+'")(^-"^> x^^f^^y^r^in W. 
There is a fibre-bunlde. 



with fibre W and structure group Diff (W^)^"^^ . This fibre-bundle (12) comes with a natural 
embedding 

£^oo(W^)^^'"^ C B^iwY^'"^^ X [0, 1] X M+ X R<i-^+^ X W^"". 

With this embedding the bundle is universal in the following sense: If / : X — > Boo{W)^^'^'^ 
is a smooth map from a smooth manifold X of dimension k , then the pullback 

riE^iWY^'"^^) = {(a;,t;)eXx([0,l]xR+xR'^-i+°°xMP+'") | {f{x),v)eE^{wY^''^^ 

is a smooth {k + d + 1) -dimensional submanifold 

E C X X [0, 1] X M+ X X 



(13) E^drWY''^ 
i5oo(5o,iIV)<^> 
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such that the projection onto X is a fibre-bundle with fibre W and structure group Diff (14^)^^^ . 
Furthermore, any such embedded fibre-bundle 

E C X X [0, 1] X M+ X M'^-i+°° X 
over X is induced by a unique smooth map / : X — v i?oo(W^)^^'™^ ■ 

The submanifolds doW^diW , and d^^iW are invariant under the action of Diff(14^)^^^ by 
definition. Therefore there are associated bundles, 

E^doWY''^ := Emb(W^, [0, 1] x M+ x M""1+°° x Mf+-)(^'™) XDiff(^)<p> d^W, 

Emb(iy, [0, 1] X M+ X M^-i+°^ x x^^^^^^^^p) diW, 

Emh{W, [0, 1] X R+ X x mp+™)(^-™> XDiff(vi/)(^> -^ci^^- 

Again, Diff(iy)^^^ also acts on the manifolds (3iW and fio^iW . It is easy to see that there 
are bundle-isomorphisms: 

Eoo(9iiy)<^> ^ (Emb(iy, [0, 1] X M+ X x Mf+-)(^.™) XDiff(H^)« Z^ilV) x P, 

^^^^ Eoo(9o,iiy)<^> = (Emb(iy, [0, 1] X M+ X x Mf+-)<^.™) x^,siw)i^ /3o,iW) x P, 

that cover the identity map on the base space B^{W)^^'^ . This leads us to: 

Proposition 3.4. Let X be a manifold without boundary. Suppose W — > E — y X is a fibre 
bundle with P -manifold fibres diffeomorphic to W and structure group DiS{WY^K Then the 
total space E is itself a P -manifold. 

Proof. It is easy to see that the total-space of a fibre-bundle, with base space a manifold 
without boundary and fibre a manifold with corners, is itself a manifold with corners. The 



result follows by combining this fact with the factorization in (14) for the universal case. □ 

4. The Cobordism Category 

Let P be a closed manifold of dimension p . Fix an embedding 
(15) ip : P ^ . 

We will construct a category Cob^^ with objects embedded d-dimensional P-manifolds with 
empty (9o-component and morphisms embedded {d -\- 1) -dimensional P-manifolds. 

Roughly, an object of CobJ."^ is a pair (M, a) where a G M and M C x M^-i+°° x Mp+™ 
is a compact c?-dimensional P-submanifold with OqM = 0. It is required that there exists 
e > such that 

M n ([0, e) X M'^-i+°° X MP+™) = [0, e) x diM = [0, e) x /3iM x P 



where P C M^^™ is the submanifold specified in (15). A non-identity morphism of Cob^^ 
from {Ma, a) to {Mb, b) is a triple {W; a, b) with {clJS) & R\ (here M?. = {(a, 6) G | a < b}) 
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and 

W C [a, h] X ^^^-1+°° X 

a 1) -dimensional compact P-submanifold with d^W = MaUMf,. It is required that there 
exist eo, ei > such that 

Wn{{[a,a + eo) U (6 - eo, b])xR+x M^-i+°^ x = {[a,a + eo) U (6 - eo, b]) x SqW^, 

n ([a, 6] X [0, ei) x M+ x R^-i+oc ^ ^p+m^, _ ^^^^ ^ q^^^ ^ ^^^^ ^ ^^p^ ^ p 



where P C M^"*"™ is again the submanifold from 15 The morphisms {Wi; a, b) and {W2', b, c) 
can be composed if 

Wi n ({6} X M+ X ^^^-1+°^ X MP+™) = n ({6} X R+ X x MP+™). 

In this case their composition is given by is {Wi U 14^2; c) . The collars from the definition 
ensure that this union is a manifold with a cannonical smooth structure induced by the smooth 
structures from Wi and W2- The identity morphisms are identified with the set of objects. 

As sets, we have 

06(CobJ_'^) = □ (Poo(M)<^'™> X R) , 

(16) / 
A^or(CobJ;-) = 06(CobJ;™) U m (M^ x B^{Wr^) 

V w 

where M varies over diffeomorphism classes of (i-dimensional compact P-manifolds with 
doM = ^, W varies over diffeomorphism classes of {d+ 1) -dimensional compact P-manifolds, 
and P^ := {(a, 6) G I a < 6} . Using this identification, Cob^^ is made into a topological 
category. Each component having the structure of a smooth infinite dimensional manifold. 

Our main theorem to prove is about the homotopy type of the classifying space BCob^^. 
In order to determine the homotopy type of this space we will need to study a sheaf with 
representing space equivalent to BCob^^'^. This will occupy our next section. 

5. The sheaf dJ!^ 

Let X denote the category of smooth manifolds without boundary with morphisms given by 
smooth maps. By a sheaf (set valued) on X we mean a contravariant functor J-" from X to 
Sets which satisfies the following condition. For any good open covering {Ui | z G A} of some 
X G Ob{X) , and every collection Si G J^{Ui)i satisfying Si \u^r\Uj= Sj \uir\Uj for all i,j G A, 
there is a unique s G J^{X) such that s \u^= Si for alH G A. This is the same definition used 
in 

Let P be a closed p-dimensional manifold. We fix an embedding, 

(17) ip:P — > 
We define a sheaf on X as follows: 
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Definition 5.1. Let X G Ob{X) . For e > 0, integers n and d such that n > m and d> p, 
and X G Ob{X) we define dJ^^^(X) to be the set of triples {W; n, f) where 

W C XxMxM+x M.'^-^+'^-P-"' X W^"", 

is a + 1 -dimensional submanifold with boundary and (tt, /) : W — > X x M is the restriction 
to W of the projection onto X x M (with X and M viewed as the first and second factors in 
the above product), subject to the following conditions: 

i. The boundary dW , which is given as 

dW n {X XRX {0} X ^^-l+n-p-m ^ ^p+m^ ^ 

factors as a product dW = (3W x P . The subspace /3W cXxRx{0}x Rd-i+n-p-m 
a submanifold and P C ]R^+™ the submanifold given by (17). 

ii. The boundary dW is embedded with an e-width closed collar neighborhood denoted 
by N,{dW), such that 

N,{dW) = n (X X M X [0, e] X m"!-i+«-p-'" x MP+™) = dW x [0, e]. 

iii. The map vr and restriction vr \qw are both submersions with d+1 and rf-dimensional 
fibres respectively. Furthermore the restriction of vr to the collar N^{dW) has the 
factorization, 

N,{dW) = dWx [0, e] — dW = /3W x P — ^ (3W — — — - X 

where pr denotes projection and where the map vr^vi^ is a submersion as well. 

iv. The map (vr, /) is a proper map. Furthermore the restriction of / to the collar N^{dW) 
has the factorization, 

N,{dW) = dWx [0, e] ^ dW = I3W xP — ^ I3W — — M 



where {7C13W, fi3w) is a smooth-proper map as well. 
It can be verified that the functor ^ ^ satisfies the sheaf-condition on all elements X G A* . 

Remark 5.1. Notice that any for an element (W; n, f) G n e(^) , is a P-submanifold; 
non-compact in general. There is no Oq component and so we omit subscripts on the symbol 
d since there is no issue of ambiguity. 



For all > and 62 > ei there is an obvious map of sheaves 
(18) 

Using this we define. 



'ION j^P,m V "n^'"* 



(19) D--:=cohm D,--„,, 
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By colim* e^o we mean the sheaffification of colim e^o D^V7 „ where this direct hmit with 



no superscript of * is the direct hmit taken in the category of pre-sheaves. Notice that 
prior to sheaffification, the sheaf gluing condition may fail for the pre-sheaf direct limit 
colim e-s-o „ when applied to infinite covers. Indeed, let X be a non-compact space 

and let Ui,i E Z+ be an infinite cover with no finite sub-cover. It is quite possible to find 
compatible elements (Wi;Tri,fi) G D^^^, ^. with limj_s.oo = oo such that the resulting 
manifold obtained by gluing together the Wi does not embed into 

X xRxR+x ^^^-1+" 

for any n . There also may not exist a constant e > such that W is embedded with collar of 
length e . Such a manifold will embed into X x M x R^ x however and will have a collar 

whose length is positive constant function of W as opposed to a constant. In the case that 
X is compact, no such issue with gluing arrises since only finite covers need be considered. 
Using this observation we get an explicit description of D^^(X) for X a compact manifold 
which will enable us to manipulate elements of D^^(X). 

Lemma 5.1. For X a compact manifold without boundary, the set D^^(X) as defined in 



(19) is equal to the set 



colim dJ;^_„_^(X) 

n— >oo 

where the direct limit is taken in the category of sets. 



We will at times want to work with ^ ^ prior to taking the direct limit but will want to 
eliminate dependence on e. To this end we denote, 

(20) Dr-„:=cohm 

We will ultimately be interested in the concordance classes of D^^. We now recall some 
important definitions regarding the concordance theory of sheaves. 

Definition 5.2. Let J-" be a sheaf on X . Two elements Sq and Si of J-'{X) are said to be 
concordant if there exists s G J^{X x M) that agrees with pr*{so) in an open neighborhood 
of X X (— oo, 0] and agrees with pr*{si) in an open neighborhood of X x [1, cxo) . 

We denote the set of concordance classes of J^(X) by J^[X] . The correspondence X i— )■ J^[X] 
is clearly functorial in X. Now, recall the definition of the representing space of J-", denoted 
by \J-'\. The space \J^\ is defined to be the geometric realization of the simplicial set given by 
k I— )• J^(Ag) where 

:= {(a;o, Xi, . . . , a;„) G | ^ a:, = 1} 

is the standard extended fc-simplex. In [TT] it is shown that the functors given by 

X ^ T[X] and X ^ [X , 

(where [X , denotes the set of homotopy classes of maps from X to jj-"!) are naturally 
isomorphic. 
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Definition 5.3. A map of sheaves T — > Q is said to be a weak equivalence if it induces a 
homotopy equivalence 

|J^| ~ \Q\ 

of representing spaces. 

For details on the concordance theory of sheaves and relevant constructions we refer to 
We now state two useful lemmas relevant to the sheaf . 

Lemma 5.2. Every concordance class in D^^^ has a representative {W]TT,f) with 

f -W — 

a bundle projection, so that 

W ^ /"^(O) X M. 

Proof. The proof is identical to that of [HI 2.5.2] □ 
Lemma 5.3. The map of representing spaces 



induced by (18) yields an isomorphism 7rfc(|D^^^|) = T^ki\'^d'+in+i\) whenever 

2k + 2d + 5+p + m <n. 

Proof. We give the proof in Appendix [C] □ 

From this result and Lemma |5.1| we get 



Corollary 5.4. There is a homotopy equivalence 



DP,m\ !• \T\P,m I 

, ~colim|D^;i_„^J 



6. A CoFiBRE OF Thom-Spectra 



In what follows we will define a spectrum MT{d + l){p,m,9> as the cofibre of a map between 
S~^MT((i) and MT{d + 1), where MT{d) is the spectrum defined in [H]. We use the same 
notation for Grassmanian manifolds and their canonical bundles as in [B]. 

We consider the same embedding ip : P ^ W^"^ as in (17). The normal bundle, Np of P 
has Gauss map, 

Np U-^ 
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which induces a map of the Thorn spaces, Th(7) : Th(A'p) — > lh{U^j^) . Now, we fix a tubular 
neighborhood embedding, 

(21) ep: Np^ W^"". 

This tubular neighborhood together with Th(7) yields the Thom-Pontryagin map 



(22) 



Cp 



We now consider the "multiplication-map" 

/i : G{d — p,n — m) x G{p, m) 

given by 



G{d, n) 



{V,W) 



v®w 



The pullback bundle IJ*(U^^) over G[d — p,n — m) x G{p,m), can be identified with the 
product bundle Uj-_p^_^ x U^^^. We then get the bundle map 



d—p,n—m ^ p,m 



G{d — p,n — m) x G{p, m) 
which induces the map of Thom spaces 



U, 



d,n 



G{d,n) 



Putting this together with cp from (22) we define: 



(23) r"^ := Mf^) ° (cp A Id) : Ih^n^J A S^^ 



d,n) 



It is well known that the space Th(f/^„) is the {d + n)th space of the spectrum MT{d). The 
structure maps in this spectrum MT{d) come from maps induced by the bundle maps 



U. 



d,n 



G{d, n) 



'^d,n+l 



G{d,n + 1) 



where the map in is the standard embedding. The map from (23), yields a map of spectra 
(24) 



Tp,m : MT{d - p) 



Ml{d) 



where we are taking into account that the spectrum with {d + n)th. space Th(f/^p,„_^) AS'^"'"'^ 
is homotopy equivalent to MJ{d) . We define, 

(25) MT(d)(p,^) := Cofibre (rp,^ : MT(rf - p) ^ MT(rf)) . 
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Let 

: G{d, n) ^ G{d + 1, n) 

be the map given as follows: Let ed-i+(n+i)-p-m be the (ci — 1 + (n + 1) — p — m)th standard 
basis vector for the factor of M'i-M"+i>-p-™ in the space M x M x ^d-iM.n+iyi^m ^ ^p+m_ 
Let 

V C M X M X M.d-l+n-'t^m ^ ^p+m 

be a d-dimensional subspace. We define, 

(26) j^{V) ■.= V® {e,^i+in+i)-p-m) C M X M X M^-i^^+i^?-- x W+^. 

The map induces a bundle map Uj^^ — > Uj-^_^^. The induced map of the Thom spaces, 
which we denote by , yields a map of spectra 

S-iMT(d) MJ{d + 1) . 

We define, 

(27) MT{d + l)(a) := Cofibre Qd : S"^MT(c/) MJ{d + 1)) . 
We now consider the composition of S^^rp with jd- We define, 

(28) MT{d + 1)(P,„,9) := Cofibre Qd o (S^Vp) : S"^MT(d - p) — ^ MT{d + 1)) . 

Remark 6.1. From the three spectra just defined the one that shows up in the statement of 
Theorem ILII is MT{d + l)(p,m,e> • However the the other two have interesting interpretations 
as well. In [6] it is shown that there is a homotopy equivalence, MT{d+l)(^Q) ~ B0{d + 1). 
In the case where P equals a single point denoted by the map Tp is the identity map and 
Theorem lA reduces to the weak homotopy equivalence 

BCob^+i ~ fi°°-^MT(rf + l)(a) ~ n°°-is°° BO{d + 1). 

From the composition 

E-iMT(d - p) ^ S-iMT(ci) MT{d + 1) , 

we see that these three spectra and their infinite loopspaces fit together via the cofibre se- 
quence, 

MJ{d + l)(P,^,a) MJ{d + l)(a> MT(c/)(p^) 

and homotopy fibre sequence, 

n^-'Mj{d + i)iP,m,d) n'^-'MJid + i)(a) r]°°-iMT(c/)(p,^). 

There is a direct system of spectra 

(29) S("'-i)MT(d - 1) ^ S°'MT(d) ^ S('^+i)MT(d + 1) ^ • ■ ■ 



where the ci-th map is T.'^jd- The direct limit is a spectrum which we denote by MTO. 
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Lemma 6.1. There is a homotopy equivalence 

MTO ~ MO 

Proof. There is a homeomorphism G{d,n) — > G{n,d) given hj V V^-*". This map is 
covered by a bundle isomorphism ?7^^ — > UnA and thus gives us maps 

MUin) i MUn,d) ^ MUn,oo) • 

This map is equivalent to 

MUin) ^ MUll^n) ^ MUn4+l) ' ^ MUn,oo) • 

The space Th(f/„^oo) is the n-th space in the spectrum MO. Now, Th(f/„^oo) can be built out 
of 'Vn{Un,d) by attaching cells of dimension greater than dimension n + d. This implies that 
the resulting map of spectra, S'^MT((i) — > MO, induces an isomorphism on vr^ for k < d 
and a surjection for k = d. This proves that MTO ~ MO. □ 



It is known that 7rd_iM0 = ^^^-i where Qd-i is the cobordism group of unoriented {d — 1)- 
dimensional manifolds. The above proof implies that 7r_iMT((i) = Qd-i- 

Now, for each d, the diagram 



S(°'+p)MT(rf) 



3d 



S{"'+i+p)MT(rf+ 1^ 



S(''+2+P)[L+i°(S-Vp,„)] 



S('>'+i+p)MT(rf+ 1 + p) 



3d+l+p 



S('^+2+p)MT(rf + 2 + p) 



commutes up to homotopy. This induces a map of spectra 

(30) S'^+i+PMT(d + 1 + p)(P,„,9) S'^+2+PMT(rf + 2 + p)i^p,m,d) 



for each d. These maps form a direct system similar to (29). We denote its direct limit by 
MTO(p,^,a) . 

Lemma 6.2. There is a homotopy equivalence 

MT0(p,^,9) ~ MOp 

where MOp is the classifying spectrum for the cobordism theory fif for manifolds with type 
P -singularity mentioned in the introduction. 
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Proof. The spectrum MOp is given as the cofibre of a map xP : S^MO — > MO. This map 
is constructed as follows. The map 

/i : G{n, d) X G{m, p) — > G{n + m,d + p) 

given by (V, W) V (BW , induces a map 

fi : G{n, oo) X G{m,p) — )■ G{n + m, oo) 

in the limit as d ^ oo. The map /i' is covered by a bundle map f/„,oo x Um,p — > Un+m,oo 
which induces a map 

MUn,oo) A MUm,p) MUn+ m,oo J ■ 

The normal bundle Np for P C ]Rp+™' can be given a Gauss map 



t 



G{m,p). 



IS 



We emphasize that this map is different that the one given earlier where the target space was 
G{p,m) with bundle U^^^. Using the Pontryagin-Thom map, 5"^+™- — ). 'Vn{Um,p) we get a 
map 

MUn,oo) A SP+^ MUn,oo) A MUm,p) MUn+m,oo)- 

Taking into account that the spectrum with {n + m)-th space equal to Th(f/„^oo) A 
homotopy equivalent to MO, this map above induces a map of spectra 

E^MO — > MO 

which defines xP. Upon inspection, it can be seen that the following diagram commutes 
(31) T.'^+mj{d) ^ SPMO 

jdorp^^ xP 
Y i 

2d+P+iMT(d + P + 1) ^ MO 

where the horizontal maps are induced by 

MUD 1 MUn,d) MUn,oo) . 



According to Lemma 6.1, the Thom space Th(f/„^oo) can be built out of 'Vn{Un,d) by attaching 



cells of dimension greater than dimension n + d. This implies that the lower and upper 



horizontal maps above in (31) induce isomorphisms on vr^ for k < d + p + 1 and surjections on 



VTfc for k = d + p + 1 . By applying the Five Lemma to the long exact sequence on homotopy 
groups associated to the cofibres of the vertical maps, we see that the induced map 



S^+p+iMT(d + p + l)(p,^,, 



9) 



MO, 



induces an isomorphism on tt^ for k < d + p + 1 and a surjection on Tfk for k = d + p + 1. 
Taking the direct limit as d — > oo, we see that MT0(p,m,(9) ~ MOp. □ 
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Corollary 6.3. There is an isomorphism 7r„iMT((i + l)(p,m.a) = 



7. The Main Theorem 

Theorem 7.1. [Main Theorem] There is a homotopy equivalence 

|dJ;™| iMT((i + l)<p,^,a>. 

7.1. Isomorphism of Concordance Class Functors. In our first step to proving Theorem 



7.1| we will prove: 

Lemma 7.2. For any compact manifold X there is an isomorphism of sets 

(32) DSi^] [X,l]--iMT(rf+ l)(p,^,a)] . 

This isomorphism is natural with respect to maps between compact manifolds. 

To prove this we need to make another definition: 

Definition 7.1. We define ^^pg^Th(f/^^^^)(p,„,a) to be the space of pairs (/,/) of based 
maps, 

f:D'^--^MUUn)^ 
f : P A 5^+'" — > MUd-p,n-J A 5^+"^ 

which satisfy the following conditions: 

i. The following diagram commutes 

D'-"- MUUn) 

gd+n-l-p-m ^ gp+m [ ^ Th (f/j-_p_„_„) A 5^+*" 

where the left vertical map is given by identifying sd,-i+n-p-m ^ gp+m -^j^j-^ gd-i+n 
and then including into as boundary. 

ii. The map / is given the factorization, f = fo ^ Idsp+m where /o is a map from 

Sd^l+n-p-m to MUt,,r.- J- 

The space f^(p^^Th([/^]^ ,^)(p^m,9) is then topologized as a subspace of 

For each n there is an inclusion 

^(p,a>Th(f^ifi,„)(p,m,a> ^^p|a)^^'n^(f^i+i,n+i)(p,"i,a> ■ 
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We define, 

(33) n^74MT(ci + l)(p,^,a) := conmnJ+^^Th([/,^+i,J<P,^,a>. 

Notice that each element of i^^pa)Th(?7^]^^)(p,m,g) induces a unique map 

^'^+-^Cofibre(j,-or]^g. 
Thus, each for each n there is a map 

an : ^tp:o)MUi,i,n)iP,m,a) ^ 11'^+" Cofibre(i," o r^^^) 
which induces a map, 

(34) a : Q'^pJ^MT {d + 1) ^p,m,d) n^-'MT{d + l)^p,m,d) 
in the hmit. It will later be seen that u is a homotopy equivalence. 
Lemma 7.3. For X e Ob{X) there is a natural map 

For compact X , the induced map 

Tm : d2^[X] [X,fi--,;MT(d+ 1)<P,^,,)] 



is an isomorphism of sets. 



Proof. Let X e Ob{X) . We construct a map 



as follows. Let (PF ; tt, /) with 

VTcXxMxM+x M'^-i+'" 

represent an element of D^^^[X] . The normal bundle for W which we denote by Nw , has 
Gauss map 



(35) Nw — -C/, 



d+l,n 



W ^-^G{d+l,n). 

Since 

dW = Wn{X xRx{0}x M'^-^+") = (3W xP, 

with 

C X X R X {0} X p ^ ^p+m^ 

the restriction Nw \aw , factors as a product of normal bundles Nj^w x where N^w and Np 
are the normal bundles for PW C (X x R x {0} x ^d-i-n-p-m^ p ^ ^p+m respectively. 
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This factorization of normal bundles implies that the Gauss map (7|avF, ^dw) restriction 
Nw\dw 1 has factorization 

{lw\dw,ldw) = il/sw X 7p,7/3H/ X 7p) 

where {ji3w,Ji3w) and (7p,7p) are Gauss maps for Nj^w and Np respectively. 

By Sard's Theorem we may assume that both / and its restrictions / \qw, f \pwx{o} are 
transverse to 0. By transversality, the pre-images 

arc manifolds. It also follows from the definition of / and how W was embedded that 

dM = f3M X P. The bundles Nw,Nqw, and Njsw restrict to Nm, Nqm, and Njsm where 

Nm, Nqm, and NgM are the normal bundles to M, dM, and /3M as sub-manifolds of 

X X {0} X M+ X M'^-i+", X X {0} X {0} X M'^-i+'^, and X x {0} x {0} x ^d-i-p+n-m 
respectively. These bundles yield Gauss maps, 



(36) 



N, 



7m 



M 



M 



U. 



d+l,n 



7m 



G{d+l,n) 



and 

(37) NpM X Np 
PM xP- 



j^mxip 



d—p,n—m ^p,m 



7/3MX7P , \ ^/ \ 

> G(a — p,n — m) x G[p, m) 



U. 



d.n 



G{d, n) 



which induce maps on Thom spaces, 



and 



There are tubular neighborhood embeddings the normal bundles Nm,Nqm, and iV^M into 
X X {0} X M+ X M'^-i+", X X {0} X {0} x R'^-^+'', and X x {0} x {0} x ]^d-i-p+n-m 
respectively which yield collapse maps, 

Cm : XAD'^+" Th(XM) 
ceM ■ XA^'^+^-i ^ MNdM), 
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Composing with Th(7M) and Th(7^M) A Th(7p) we obtain a commutative diagram, 



X A 5"!+n-l-p-m ^ gp+m ^ MUjLp,n-p) A 

where the the top-horizontal map is given by lh{'-fN^^) o cm and the bottom-horizontal map 
is given by (Th(7jv^^) o Cism) A Idsv+m. The right-vertical map is given by 

~3d o MlJ) ° [^c?TMc/i-_,,„_,) ° Mlp))] 

which is by definition equal to j'2 °Tpm- Using adjunction this commutative diagram yields a 
map 

By standard Pontryagin-Thom theory, it is easy to see that choosing a diff^erent representative 
of the concordance class of W would yield a map homotopic to the one which we just produced, 
just run the same process on a concordance. We then define := [/] . It is easy to 

check that this definition is natural in the variable X . 

We now now make the assumption that that X is compact. We construct an inverse to 

: D,^;'^[X] [X,n--;MT(ci + l)(p,^,a)] 
which we will denote by Hm ■ Let 

X A D''+- ^ MUi+i,n) 

X A ^oi+n-l-p-m ^ gp+m 1 ^ Th A 3^+"^ 

represent an element of ^^5'p^a)"^^(C/j::^.l_„)(P,m,a)]■ 
By applying an appropriate homotopy, we may assume the following about (/, /) : 

i. The maps / and Tp^of are both smooth and transverse to G{d+l,n) and G{d,n) as 
submanifolds of „ and Uj-,^ respectively (notice that under the map j^, G{d,n) 
embeds as a submanifold of G{d+ l,ri)). 

ii. By transversality in (i.) we have a pair of submanifolds 

(M, dM) C (X X R+ X R''-^+", X X R'^-^+") 

where M = f-\G(d + l,n) and dM = (t^^^o f)-\G(d,n)) = df-\G(d+l,n) . The 
compactness assumption on X implies that M is compact as well. 

iii. there exists S > such that 

(38) Mn{X X [0, 6] X M'^-i+") ^ dM x [0, S]. 
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By the definition of Tp^ and by tlie fact that / = /o A Idsp+m , the boundary dM must factor 
as a product DM = fiM x P where 

(3M := fo\G{d -p,n-m)) C X X ^d-i-p+n-m 
is a closed submanifold. 

These sub-manifolds have normal bundles given by pullbacks, 



(39) 

such that there is factorization 

We define 

(40) 



Nm 



f (f^ifl,n)? 

(j>/rKn), 

fo i^d-p,n-m)y 



NoM = Nbm X Np. 



T^dM 
T^'lSM 



f*{Ud+l,n), 
fo (J^d—p,n—m/ 



It follows that there are splittings, 



(41) 

and bundle isomorphisms 
(42) 



T"M \qm = T^dM ® e\ 
T^dM = T^(5M X TP, 

Nqm © T^dM = e'^+". 



Let the map {iM,idM) denote the inclusion of (M, 9M) into (XxM+xM'^i+", Xx {0}xM'^-i+") , 
and let (7ro,7r^) denote projection onto X. Clearly, iljiTX x e'^+") = 7r*(TX) © e'^+" and 
i*9M{TX X e'^+^-i) ^ (7r^)*(TX) © e'^+""^ This embedding yields bundle isomorphisms, 

7r*(TX) ©6^^+" = TM®Nm 
^^^^ (4)*(TX) ©e'^+"-^ ^ TdM®Na 



By adding Xa/, Xqa/ via Whitney-sum to both sides of the equations in (|43|) and using the 
isom 

(44) 



isomorphisms of (42), we obtain a commutative diagram, 

5 ^ 7r*TX © T^M © 6^^+" 



TM © e"+^+i 



(T9M © e"+'^) © 



(7r*TX©T^9M©e 
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of bundle isomorphisms where the horizontal maps cover the identity on M and the vertical 
maps cover the inclusion of DM into M . Furthermore, the bundle- map 

TT^ : TdM ® e"^'^ — v n^TX © T^9M © e'^+"-^ 

has factorization: 

(45) TT^ = TTo^ X MtP 

where, 

TT^ : T/3M © e'*+" — > it*TX © T"/3M © e'^^""^ 
is a bundle isomorphism which covers the identity on /3M. 

Claim 7.4. T/ie bundle isomorphism pair (7ro,7rQ © /(iei) from (44) zs induced by a pair of 
bundle isomorphisms, 

TM © 1 ^ 7r*TX © T^M 

n^^Id 1 

(T^M © e^) © el "-^ (tt^TX © T^dM) © 

wi/i factorization 

if = vrf X /drp 

Trf : © — ^ 7r*TX © T^/3M 

zs a bundle isomorphism covering the identity on (3M . Furthermore, (tti, yrf © /(i^i) is unique 
up to homotopy through bundle map pairs with the factorization specified above. 



We will prove this claim in Section 11 We now define spaces 

W := M xR, dW ■.= dM xR and l3W := (5M x R. 

We define the bundles T^W, T'^dW, (3W to be the puUbacks of the bundles T^M, T'^dM, T^'/SM, 
over the projections of W, dW, (5W onto M, dM, /3M respectively. With W a submanifold 
of X X M X M+ X ]R'^"i+" , we set Sq, , and to be projections of W, dW, and (5W onto the 
factor X (the notation sq used for this projection onto X will become clear momentarily). 



Claim 7.4 yields bundle isomorphisms. 



TW ^ SqTX © T"W^, 



(46) TdW ^ {s^yrX © T"(9iy, 

T/3W = (s^)*TX © r"/3W^, 



which cover the identity maps. Using (46) we obtain a bundle epimorphism 



(47) TW ^ TX 



W 



so 



X 
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such that the restriction (so,So) \dw has the factorization, 



(4J 



TdW 



dW 



pr 



TI3W 



TX 



pr 



(3W 



X, 



where {sq,Sq) is a bundle-epimorphism covering which is projection onto X. 
Claim 7.5. There exists a homotopy {st,St) through bundle- epimorphisms such that: 



i. At t = 0, the homotopy {st, St) is equal to the bundle epimorphism given in (47). 

ii. The bundle epimorphism is integrable, i.e. Dsi = si and thus si is a submer- 
sion. 



iii. For all t, {st, St) has the factorization given in (48). 



Moreover, the integrable bundle-epimorphism is unique up to homotopy though inte- 

grable bundle- epimorphisms . 



We provide a proof of this claim in Section 10 This is essentially a relative version of Phillips' 
Submersion Theorem [12] adapted for P-manifolds. 



Let (st, St) be the desired family of bundle epimorphisms with the above stated properties. Si 
is now a submersion of W onto X . In order to obtain an element of ^^[X] , we need to 



realize si as the composition of some embedding of W into X x [ 



X . 



Bci— l+n 



followed by 



projection onto X . Furthermore, we need to ensure that this new embedding of W is isotopic 
to our original inclusion iw of W into X x M x ]R_|_ 
embedding and isotopy. 



pd—l+n 



. Below we will construct this 



Let 

(JrfK,j) : M X M = W X ( 

be the restriction to := M x M of the projection 

X X (R X 



Dci— l+n— p— m ^ ]]^P+"i^ 



X 



X 



By rescaling the collar about dM , we may assume that 

M n (X X [0, 1] X M'i-i+^-p-™ X W^"") = [0, 1] X dM. 
The map j : M — > IR+ x j^fi-i+n-p-™ x ]Rp+™ given above has the property that for 

{t,b,p) e [0,1] X I3M xP, 



(49) j{t,b,p) = {t,j^M{b),tp{p)) G [0,1] X 

Recalling ([s]) we see that j is a member of the space 

C°°{M,R+ X 



od—l+n—p—m ^ j^p+m 



-1+n-p-m ^ ■j^p+m\(P) 
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The map j may fail to be an embedding. However, the map 

is an embedding; this is just the inclusion of M with vr the projection onto X . Since 

Emb(M,X X (M+ X R'i-l+^-P-™ x MP+™))<^> C C°^(M,X X (M+ X M.d-l+n-p-rn ^ ^P+m))(P> 

is an open subset, we can choose 5 > such that if ^ G C°^(M,M+ x Rd-i+n-p-m ^ ^p+m)(p> 
is 5-close (under the C°°-norm) to j , then the map 

7rX^:M— ^XX(M+X ]^d-l+n-p-m ^ ^p+m^ 



is an embedding. Now we choose such a 6. By Lemma [C.2[ assuming that n » d, there 
exists an embedding 

(50) e : M M+ X ^d-l+n-p-m ^ ^p+m 



that is 5-close to j (the precise estimate is given in C.2). We define a homotopy 

(p: M X I ^ M+ X ]^d-l+n-p-m ^ ^p+m 

by the formula 

(l){x,t) = {l-t)-j{x)+t-eix). 
Notice that for all t, the map (f){ ■ ,t) : M — >R+x ]^d-i+n-p-m ^ ^p+m -g 

C°°(PF,X X (M+ X M^-i+^-p-'™ X 
and is 5-close to j . By how 6 was chosen, this implies that the homotopy 

<!> -.W X I := M xRx I ^ X x M x (M+ x ^^-1+"-?-™ x Mp+™) 

defined by the formula 

^{x,r,t) = (7r(a;),r, 0(x,t)) for {x,r,t) E MxRxI 
is an isotopy through P-manifold embeddings, i.e. an isotopy through elements of 

Emb{W, X X M X (M+ X ]^d-l+n-p-m ^ J^P+m))(P>, 

Recall the homotopy {st,St) through formal submersions W — > X with (si,Si) integrable. 
Using St, and the embedding e : M ^ R^ x '^d-i+n-p-m ^ j^p+m f^-Qj^ {50), we define a 
new isotopy 

<il -.W := M XRX I y X XRX (R+X M.d-l+n~p-ni ^ ^P+m^ 

by the formula 

v^(x,r,t) = |^^^'"'2-^) fortG[0,i] 
\(s2.t-i(a;,r),r,e(x)) fortG[|,l] 

with (x, r, t) G M X M X /. This is the isotopy that we seek. The manifold 

W := * |mxEx{i} (M X R) 
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defines a unique element of D^^^(X) provided that n » dim{X)+d. Indeed, the projection 
onto X is a submersion by construction. Properness of the projection onto the M-factor follows 
from the compactness of X and that of M . Here we see that our inverse map 

: [X,n^pJ^MJ{d+l)^p,m,d)] ^ dJ;"^[^] 

is well defined. One can verify directly that o Hm = Id. The fact that Hm o Tm = Id 
follows from Lemma 52. This gives the proof. □ 

Lemma 7.6. The map 



which was defined in (34) is a homotopy equivalence. 



To prove this we define a new space that sits in between the spaces f2^g^MT((i + l)(p^m,a> and 
f]— lMT(^/+l)<p,„,a>• 
Definition 7.2. Define ^^J^""Fh([/j^i_„)(p,^,a) to be the space of pairs (/,/), 

such that 

/ \gd+n-l= j2 O Tp^^ O /. 

(The mapping spaces in this definition are assumed to be spaces of pointed maps.) 



Notice that we do not require the map / to factor as in Definition 7.1 For each n there is 
an inclusion map, 



+l,n){P,m,d) 



We take the direct limit as n — )■ oo to get, 

(51) n'^g^'MJid + l)(p,^,a) := cohmr]^+"-rh(t//+i^J<p,„,a>. 

There is an induced map. 



(52) l]^-;MT(rf+l)(p,^,, 



f]^-^MT(rf + l)(p,^,5) . 



Proposition 7.7. The map a in (52) induces an isomorphism on homotopy groups and is 
thus a homotopy equivalence. 

Proof. The space ^^pg^Th(f/^]^ „)(p^m^a) can be realized as the pullback. 



(53) 



+l,nJ{P,m,( 



n)(d,iri,d) 



("ni(f/i-_,„)A5^+-) 
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where fi^p"~^ ("n^l^d^p.n-m) ^ 5"^+"^) is the space of all maps of the form 

the map is an inclusion of mapping spaces, and the two vertical maps r send functions 
to their restrictions. Using the fact that the Thom-Space Th{Ud-p,n-m)^ is {n — m — 1)- 
connected, The Freudenthal suspension Theorem implies that the suspension map 

is an isomorphism when k < 2{n — m — l) . This implies that the bottom horizontal map ao in 



the diagram (53) is 2(?T, — m — 1) -connected. Now, the right vertical map r is a Serre-fibration. 
Using the fact that the diagram is a pull-back square, hence a map of fibre-spaces, we see that 
a is also 2(n — m — 1) -connected. We now just take the direct limit of these spaces as n — )■ oo 
to get our result. □ 

Each element of fi^^""ni(t/i^i_„)(p,m,9> induces a map S"^+" Cofibre(j^ o Tp.^). Thus for 
each n there is a map 

Pn : ^1o)'MUi,,,n)iP,m,a) Cofibre(j," o r^^J 

which induces 



It can be easily checked that the maps p o a and a (from|34j) are homotopic. 
Proposition 7.8. The above map p is a homotopy equivalence. 

Proof. This is similar to the last lemma. We use the following result from [8J: 

Proposition 7.9. Let {X,A) be an r -connected CW -pair, where A is s -connected such that 
r, s > 0. Then the map 7Tk{X,A) — > 7rfc(X/A) induced by the quotient map X — > X/A is 
an isomorphism for k <r + s . 

By adjunction we have an isomorphism 

(54) i^k{Si1t)''MuUn){p,d)) = 7r,+,+„(-ni(f/j;,,j, -rh(^j-_^,„_) a s^^^- 

By taking the mapping the mapping cylinder, we may assume that the pair 



(-rh(f/,V,J,"ni(f/j--p,„-jAS^+™^ 



is a cofibration, and the map between these spaces is an inclusion. Clearly the space, 
Th(f/^p^„_^) A 5"^+™ is (n + j9 — 1) -connected and the pair 
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is at least min{n — l,n + p — 1} -connected. We then may apply the above proposition to 
obtain the isomorphism, 

n,^,UMU^^i,n), MUl,,r.-J A S^^n - vrfe+,+„(Cofibrea" o r^^J) 



Taking the direct limit as n — )■ oo we obtain the sought after weak homotopy equivalence. □ 



Combining Proposition 7.8 with Proposition 7.7 proves Lemma 7.6 Lemma 7.3 implies that 



the natural transformation 



(55) D^;'^[X] [X,fi^- MT(rf + l)(p,^,a)] [X, fi— iMT(rf + l)(p, 



m,d)\ 



is an isomophism when X is compact. This proves Lemma [7.2[ Note that this isomorphism 
does not yet imply the homotopy equivalence of |D^^| and Q°°~^MT{d + l)(p,rn,a) in that we 
do not yet have a map |D^^| — )■ fl°°~^MT{d+l)(^p^rn,d) ■ In the following section, we construct 



such a map that will be seen to induce the isomorphism of 7.2 



7.2. A Parametrized Thom-Pontryagin Construction. We proceed in a way very similar 
to [m 3.2.5]. We start with a definition: 

Definition 7.3. Let p : Y — y X be a submersion. Let ic '■ C ^ Y he a smooth submanifold 
and suppose that p \c is still a submersion. A vertical tubular neighborhood for C in Y 
consists of a smooth vector bundle q : N ^ C (which in our case will always be the normal 
bundle of C) with zero section s, along with an open embedding e : N — > Y such that 
eo s = ic, and poe = poi(joq. 

Using this definition we define a variant of the sheaf ^ which we will denote by ^(X) . 

Definition 7.4. For X G Oh{X) we define D^_;|^^(X) to be the set consisting of of quadruples 
(ly, TT, /, e) where {W, vr, /) G dJ;™ „(X) and 

e:Nw — ^XxMxM+x 

is a vertical tubular neighborhood for W {Nw is the normal bundle for W as before) subject 
to the condition that the restriction of e to Nqw = Npw x Np is equal to the product epx ep 
where 

e/3 : ^ X X M X {0} X ^d-l+n-p-m 

is a vertical tubular neighborhood for (5W and 



is the tubular neighborhood embedding specified in (21) that was used in our construction of 
the spectrum MT((i + l)(p,a,m)- 
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We define 

(56) := colim* D^^^. 

where like before colim* means slieaffification of colim„_j.oo D ^ wliicli is the direct hmit 
in presheaves. By an argument similar to the one made in Section [5} for a compact manifold 
X, colim„_j.oo D^^'^^(X) = D^^'^(X) where here the direct limit is a direct limit of sets. We 



also get analogues of Lemma |5.3| and Corollary 5^, Namely, for 2k + 2d + 5 + p + m < n 
there is an isomorphism 

and there is a homotopy equivalence 



For each n there is a map 



D' " P,m| !• \-r\P,m \ 

, -colimlD^;^ |. 



defined by sending an element (W^ ; vr, /, e) to {W;Tr,f) (F„ forgets the choice of vertical 
tubular neighborhood embedding e). Passing to the direct limit as n — t- oo yields a map of 
sheaves 

^ ■ ^d+i — ^ ^d+i 
which can be seen to be a weak equivalence. 

Definition 7.5. Let P,m,n, and d be as before. We define a sheaf Z^^^ ^ly setting 

Zd^i^niX) := Maps(X x M, f^?+J>Th(t/j;,,J<p,^,a)) 

for X G Oh{X) . Note that this is a set valued sheaf. By Maps(-, ■) we mean simply the set 
of maps. It is not given a topology. 

For each n there is map ^j^Tn ~^ ^d+in+i induced by the map 

^'tp%'^i^d+l,n){P,m,d) f^^p^^>''^'^(^d+l,n+l)(^',m,9) 

defined in the previous section. We define 

^P,m 1. * ^P,m 

2d+i ■= cohm Z^li 

It is easy to see that Z^^{X) ^ Maps(X x M, fi^^5MT(c/ + l){P,d,m)) for any X e A". For 
each n there is a map of sheaves 

Hn ■■ ^d+ln Maps(-, f^'^+"(Cofibre(j,- o r^^J) 

defined by sending a map / : X x M — f^^p^^Th([/^;^_^)(p_.m,a) to the composition cxno/ |xx{o} 
where 

a„ : f^gSr"f^(f^i-i,n+i)(P,m,a> CofibreG- o r^ J 
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is the cannonical map from ( 34 ) . These maps induce a map 

: Maps(- , fi°°-^MT(rf + l)(p,a,w; 

It is clear that this map is a weak equivalence of sheaves. 
The Thom-Pontryagin construction yields a map of sheaves, 



T™ : D 



P,in 
d+l,n 



z 



P,m 
d+l,n 



which we describe in detail. Let (W;7i,f,e) be an element of D^^„(X). Since (vr, /) is 
a proper map, for each {x,t) G X x M there exists a real number X{x,t) > such that if 
\z\ > X{x,t) for z G M+ X ]R'^~^+", then the element {x,t,z) ^ W , where we are viewing 
{x,t,z) as an element of X x ]R+ x ]R'^^^+" (A can be taken to be a continuous function of 
{x,t)). From this it follows that the collapse-map induced by the vertical tubular embedding 
e, 

X X M X R+ X — > MNw) 

extends to 

X X M X — y lh{Nw) 

where is viewed as the one-point-compactification of IR+ x ]R'^~^+" . Putting together 

the above Thom-Pontryagin map and the functor Th( ■ ) applied to the Guass-maps of the 
normal bundles we get the commutative diagram. 



X X 



X 



Jjd+n 



Th{N^ 



w , 



X X M X ^fif+^-i-P-"^ A 



"rh(X/3vi/) A^™+f 



p,n—ni 



) A S'^+P 



which yields an element of Z^^^ via adjunction. We denote by 



D 



P,m 
d+1 



z 



P,m 
d+1 



the induced map in the direct limit as n — )■ oo . The concordance class functors associated to 
our newly defined sheaves fit into the commutative diagram. 



(57) 



D 



P,m r 
d+ll 



^P,m r 



D 



P,m r 
d+ll 



o-*oT" 



where T"* is the map defined in Section 7.1, the vertical maps are induced by and H"^ , 
and the top-horizontal map is induced by . The bottom row is an isomorphism whenever 
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applied to a compact manifold and so by commutativity, the top map is as well. So, for each 
k >0, the map \T"^\ induces a bijection 

[s' , |Dr;";i] [s' , i^iiTI] • 

We may replace l^j^-TI with Q°°~^MT{d + l)(p,a,m) because they are homotopy equivalent via 
li/*"!. However, these are isomorphisms of sets of homotopy classes of un-based maps and 
not isomorphisms of the actual homotopy groups. In order to prove that \T"^\ is a homotopy 
equivalence, we need: 

Proposition 7.10. The map \H"^\ o |T™| induces an isomorphism on all homotopy groups. 
Proof. The proof is similar to that of [TT| 3.2.5]. We provide details in Appendix |B} □ 



Since the spaces involved have the homotopy type of CW complexes, the above proposition 
implies that |-D^7I ^°°~^MT((i + l)(pa,r„) are homotopy equivalent. 

8. Dependence On The Manifold P 

The construction of the spectrum MT{d + l)(p,m,a> depends on the homotopy class of the 
Thom-Pontryagin map 

sm+p ^ -n,^^^) ^ Mu,\J. 

which is determined by the isotopy class of the chosen embedding ip : P ^ MP~^"^ . li m > p, 
then any two embeddings of P into M^"*"™ are isotopic. Thus, for mi,m2 > p, 

We are then justified in removing m from our notation and writing MT{d + l)(p,a) and 
MT(rf + l)(p). 

It is also interesting to note that if two manifolds Pi and P2 are cobordant, then their corre- 
sponding Pontryagin-Thom-coUase maps, provided that the codimension m is large enough, 
are homotopic. This implies that 

MJ{d + l)(P,,m,a) ~ MJ{d + l)(P2,™,a> 
provided Pi is cobordant to P2 and m is large. Using our main theorem we see that 



and 



DPi,m\ \T\P2,m\ 



BCobrr - BCobr^f 



We summarize the above observations: 

Proposition 8.1. The homotopy types of the spectra MT(c/+ l)^p^a> (^iT'd MT{d+l)(^p) do not 
depend on the embedding ip : P ^ . Furthemore, their homotopy types are determined 

by a cobordism class of the manifold P . 
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9. The Classifying Space of Coh^_^_-^ 
In this section we prove that there is a weak homotopy equivalence, 

DP,ra I T> /~( i_ P,ra 
, ^;J~BCob^;,. 

We first recall a fact about category valued sheaves. If is a category-valued sheaf on X 
then the representing space \J-'\ has the structure of a topological category. We have 

Ob{\T\) = \NoT\ and Mor{\T\) = \NiT\ 

where N^J^ is the sheaf defined by setting NkJ^{X) to be the fc-th nerve of the category 
J-'(X) . The classifying space B| J-"! can be obtained by taking the geometric realization of the 
diagonal simplicial set 

k ^ Nk^iA';). 

In this section we will define three new category- valued sheaves on X : 
We will show that there is a zig-zag of homotopy equivalences, 

-D|/~(P,m,| ~ -R I /~(-P,m,rtl I ~ "R iT^-f'^irtl I ~ \T\^'''^\ 

and a weak homotopy equivalence 

B|Cr-| ^BCobr-. 



These equivalences together with Theorem 7.1 will yield our sought after result. Theorem 
This section is very similar to what was done in [B] and [7]. The main challenge lies in 
giving the correct definitions of the sheaves named above. Once defined, the proofs of the 
equivalences are identical to the proofs given in [6] up to very slight modification. 



9.1. A Note on Cocycle Sheaves. In what follows we will be using the notion of cocycle 
sheaf. For a CAT -valued sheaf J-" on A', we associate a new set valued sheaf PJ^. For a 
definition see [TTl 4.1.1]. From the definition, it is easy to see that J-" i— pj^ is functorial in 
J-". This cocylcle construction has the nice property that there is a homotopy equivalence 

(58) B|J^| ~ 

The proof of this is given in [Til A. 3]. This homotopy equivalence is natural in the following 

sense. In [HI A. 3] the authors construct a natural zig-zag diagram of the form, 

(59) 

(^k ^ Afc(^(A^))^ ^ (^k^ A^(^)^ ■ ■ ■ (^k^ Af{J^)^ ^(^k^ /3^(A,^)^ . 
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Each element in the above diagram is a functor from the category of CAT -valued sheaves on 
X to the category of simpicial sets and each map is a natural transformation of such functors. 
It is easy to check that the correspondences 



J^^^ U;^A^fc(J^(A^)) and ^ A; ^ /3J^(A 



are functors in J-". The intermediate elements {k h-)> y4^(J-')) are constructed explicitly in [HI 
A. 3] and can be see to be functorial in J-" as well. The homotopy equivalence 
BlJ-"! ~ \PJ^\ is proven by showing that the natural transformations in induce homotopy 
equivalences between geometric realizations. The functoriality of this diagram will play an 



important role in our proof of Theorem 1.3 



9.2. The Classifying Space. For what follows, let 
(60) ip: 
be the embedding used throughout the paper. 

Notational Convention 9.1. For X G Oh{X) and smooth functions a,b : X — y M with 
a{x) < b{x) for all x E X , we denote 

X X [a, b] := {{x, u) E X xR\ a{x) <u < 6(x)}, 

X X (a, 6) := {{x,u) G A x M | a{x) <u< b{x)]. 

Definition 9.1. Let eo,ei be fixed positive constants. Let A G Ob{X) and a,b : X — > M 
be smooth functions with a{x) < b{x) for all X G A. We define, Cj_'^'*(A; a, b, eo, ei) to be 
the set of embedded submanifolds with boundary, 

(vr, f,j) -.W ^ X X {a-eo,b + eo) x (M+ x Rd-i+cc ^ ^p+m^ 
where vr, /, and j are the projections onto the corresponding factors subject to the conditions: 
i. The boundary, 

dW = Wn{X x{a-eo,b + eo) x {0} x R'^-^+^ x MP+"^) 
factors as a product dW = PW x P , with (3W C X x {a - eo,b + ei) x {0} x ^^-1+°° 



a submanifold, and P C M^"*""^ the submanifold specified in (60). 

ii. The boundary dW is embedded with an ei-width collar denoted by N^^^^dW) such 
that, 

N,^ (dW) = n (A X (a - eo, 6 + eo) X [0, ei] X = dW x [0, ei] . 

iii. The projection vr : — A is a submersion with {d + 1) -dimensional fibres. The 
restriction of vr to the collar {dW) has the factorization, 

N,^{dW) = dW X [0,ei] ^dW = PW xP^ ^ P^W — — ^A 

where the map TT/jvy is a submersion with {d — p) -dimensional fibres. 
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iv. The map (tt, /) : W ^ X x (a — e^, b + eo) is proper. The restriction of / to the collar 
N^^ (dW) (where / is considered as a function with co-domain M) has the factorization, 

N,^{dW) = dWx [0,ei] ^dW = /3W xP— ^ ^iW — -M, 



where the map {tcisw, fpw), is proper as well. 
V. The restrictions of (vr, /) to (vr, f)~^{X x (a — e,a + e)) and of {nj^w, fpw) to 
ijjSWi fi3w)~^{.X X (a — e, a + e)) are submersions. Same holds for h. 

We eliminate dependence on the eo, ci by setting 

(61) Cj;7*(X;a,6) := colim Cj;_7*(X; a, 6, cq, ei). 

eo,ei— ^-U 

Definition 9.2. Let Cj_"^'*(X) := □ Cj.™'*(X; a, 6) with union ranging over all pairs of 
smooth real-vauled functions (a, 6) with a <b. 

This definition makes C^^'*(X) into a category- valued sheaf. This sheaf should be compared 
to Cj^]^ defined in [6]. Indeed they are equal in the case that P = 0. The composition is 
defined by gluing manifolds along common 9o -components. 

Definition 9.3. Let C^^(X, a, 6, eo, ei) C C^^'*(X, a, 6, eo, ei) be the subset satisfying the 
further condition: 

vi. For X G X let Ja be the interval ((a — eo)(x), [a + eo)(a;)) C M and let 



Va = (vr, f)-\{x} X Ja) C {x} X J, X M+ X 



Bci-l+oo ^ j^p+m 



Then 

Va = {x} X JaX M C {x} X J„ X M+ X X 

for some {d — 1) -dimensional submanifold M with boundary. The same condition 
must hold for the function b. 

It follows that the boundary dM = M n {{x} x J„ x M+ x ]R«'-i+<« x ]Rp+'^) has the factor- 
ization dM = 13 M X P. 

We then may define the sheaf in the same way as done earlier by taking the limits as 

eo, ei — > and taking the disjoint union over all pairs of real valued functions a < b. 

It can be checked that = C°°( ■ , Cob^^) . Using this identification there is a cannonical 
map 

(62) : IC^I ^ CobJ^^ 

which induces 

B{v) : B|CS| ^ BCobJ^. 

We have: 

Proposition 9.1. The above map B(?7) is a weak homotopy equivalence. 



COBORDISM CATEGORY FOR MANIFOLDS WITH SINGULARITIES 39 

Proof. This follows directly from [6l Proposition 2.9]. □ 

■'d+1 



Proposition 9.2. The map C^'^ — )■ C^^''^ given by inclusion induces a weak homotopy 
equivalence, 



\^d+l\ "^^l^d+l I- 

Proof. This follows directly from [51 Proposition 4.4]. □ 

We now define a new sheaf which we can compare to . 

Definition 9.4. We define dJ_™'*(X) to be the set of pairs {W,a) such that, 

i. i^gdSW, 

ii. a : X — > M is a smooth function, 

iii. the function / : W — > M and the restriction / {qw^ from the definition of D^^(X), 
are fibrewise transverse to a. This means that for any x G X, the restriction of / to 
the fibre tt~^{x) is transverse to a{x) . 

The sheaf D^^'* is then a category valued sheaf. A morphism of T)^^''^{X) is given by 
a triple {W, a, h) , where (VT, a) and (W, h) are elements of D^^'* and a{x) < h{x) for all 
X E X. This definition should be compared to the sheaf Dj_,_j^(X) defined in [6]. Indeed, 
dJ;"'* = Dj+i in the case that P = 0. 

We now consider the cocylce sheaf /3D^^'* . There is a "forgetful map" , 

(63) /3D^;,' . 

Proposition 9.3. The above "forgetful map" h is a weak equivalence of sheaves. 

Proof. This follows directly from [21 Proposition 4.2]. □ 

We now consider a map of sheaves, 

(64) D^+i ^ Ca+i 

given as follows: 

By properness of (tt, /), there exists a smooth function eo : X — > (0, oo) such that (vr, /) 
and (vr \qiv, f \q]v) restricted to the open subsets 

= (vr, f)~^{X X (a - eo, a + eo)) and dW,^ = (tt \sw, f \dw)~^{X x (a - eo, a + eo)) 

are proper submersions. It follows that {WeQ,a,a) G Ob{C^^''^ {X)) 

So for an object (W,a) G C6(D^^^'*(X)) we define a{{W,a)) := {WeQ,a,a). We define a on 
morphisms similarly. 
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Proposition 9.4. The map a defined above induces a weak homotopy equivalence 

B|-r-vP,m,rtl| -D I /^-PiTiirtl I 
\^d+l I ~ ^\^d+l I- 

Proof. Follows directly from [6, Proposition 4.4]. 



□ 



The last four propositions imply that there is a weak homotopy equivalence |D^^| ~ BCob^^ . 



Combining this with Theorem 7.1 proves 1.1 



9.3. The Boundary Map. We now consider the functor /3i : Cob^^ 



Cobrf_p defined 



by sending a P-manifold W to f3iW . Theorem 1.3 stated in the introduction asserts that 



P,iri 



the homotopy fibre of B(/3i) : BCob^^j^ 
We give a proof of this assertion. 



BCobd_p has the homotopy type of BCob^+i . 



Proof of Theorem 1.3 The functor (3i : Cob 



P,m 
d+1 

P,m 



— 7- Cobrf_p induces a map of sheaves 



This yields a diagram 



BIC 



BIC 



P,m I 
d+1 1 

B|/3i 
d—p I 



B(r,) 



BCob 



P,m 
d+l 

B(/3i) 



BCobd„p 



where the horizontal maps are the one from (62) where the bottom horizontal map applied to 
the case P = 0. This diagram commutes by the naturality of the map rj from (62). Similarly, 
we can define maps of sheaves 

jrli . /-(-P,m, rti _^ Qfti 



Pi ■■ Cd+1 

o&\ . -r-)P,m,i 
P ■ '-'d+1 



""d—p 

T-Vftl 



making the diagram 
(65) 



■^P,m 
^d+1 



c 



P,m,(f] 
d+1 



D 



P,m,(f] 
d+1 



c 



d—p 



Crii 
d-p 



D 



commute. This leads to the commutative zig-zag diagram, 



(66) 



BCob 



P,m 
d+1 



BIC 



P,m I 
d+1 1 



Blr^P,m,(f] I 
l*-^d+l I 



BID 



d+1 I 



BCob,_, ^ B|C,_p| B\Ctp\ B\T>tp 
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It follows that the vertical maps in the above diagram all have weakly equivalent homotpy- 
fibres. 



Now, the map /3* induces a map of cocycle-sheaves, 



such that the diagram 



P,Tn,(f] 
d+1 



/3D 



D 



P,m 
d+1 



(3B 



/3{/3^) 



rti 

d—p 



D 



d—p 



commutes, where h is the forgetful map from (63). (This clash of the notation here is unfor- 



tunate. However, the use of the symbol /3 for both cocycle sheaves and for P-manifolds is 
standard. This is the only place in which we will have to deal with such notational issues.) 



The functoriality of the zig-zag diagram (9.1) implies that the diagram 

yP.m, rtl I 



d+1 I 



I/3D 



* I 

d—p I 



B|/3^| 



commutes where the horizontal series of maps comes from the zig-zag (9.1 ). There is also the 
commutative diagram. 



|h| 



ID 



P,m I 
d+1 1 



I/3D 



B|/3^| 

rti I _ 

d—p I 



B\h\ 



ID 



d—p 1 1 



which implies that the homotopy fibre of right vertical map has same weak homotopy type as 
B(/3i) :BCobr+i -^BCob,_p. 

We can define a similar map 

Z?" : D^4"^ „ — > Bd-p^n 
which sends an element {W; vr, /, e) to {W; iipwi fpwi ^p) which induces 

/3 : DS t>d-p. 
Passing to representing spaces we obtain a diagram, 

\H"^\o\f"^\ 



D 



P,m I 
d+1 1 



D 



P,m I 
d+1 1 



{P,d,m) 



ID 



d—p I 



ID. 



\H"^\o\T"^\ 



^]°°-iMT(c/-p) 
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for which the left square commutes and the right square can be seen to commute up to 
homotopy. The horizontal homotopy equivalences imply that the homotopy fibres of the 



vertical maps are homotopy equivalent. Putting this together with (66) implies that the 
homotopy-fibres of the maps 

B(/3i) : BCob^_,i BCob,_p, 
r : Q-^-^MTid + l)(p,a) — > Q'^^^MJid - p) 
have the same weak homotopy type. The weak homotopy equivalence 

BCobd+i ~ n'^-^MJid + 1) 
implies that the homotopy fibre of 

B(/3i) : BCob^+i ^ BCobrf.p 
is weakly equivalent to BCobd+i . □ 

10. The Submersion Theorem 



In this section we prove a result which implies Claim 7.5 used in the proof of 7.3 Our result 



is a relative version of Phillips ' Submersion Theorem [T2] adapted for P-manifolds. 

Definition 10.1. We define the space Suhj3\Y,piW,V) to be the space of all submersions 
/ : W — )■ V with the property that the restriction f\gw is also a submersion and of the form 

„ projfiw fpw 

dW = /3W X P 5- PW V 

It follows by definition that fi3w is also a submersion. 

Definition 10.2. Define the space Suti3w,p(TW,TX) to be the space of formal submersions 
(fiberwise sujective bundle maps), 

TW ^TX 



W -X 

such that (/, /) \dw has the following properties: 

(1) f \dw factors in the same way defined above for the space of submersions. 

(2) / \dw is surjective on fibres and is of the form / \qw= fisw x idTp- 

Theorem 10.1. Let W he an open manifold with the property that (5W x P = dW is also 
open (i.e. every connected component has an escape to infinity). Then the map 

Snh/swA^^ — " SnifswATW, TX) 
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given by the map 

is a weak homotopy equivalence. 

For definitions and basic results regarding open manifolds see |5l 4.3]. 

Proof. We give dW an e-width collar-neighborhood which we denote by N^{dW) . This collar 
neighborhood is of course differomorphic to the product of dW with an interval and so there 
is a projection map 

N,{dW) dW = ^W xP ^ I3W 

which we denote by pr^ . We define the space 

to be the subspace consisting of all submersions / such that / \N^{dw) factors as such, 

N,{dW) '-^dW = pWxpJ^ .pw ^ V. 

The space SuY1^^rp(W,V) is defined similarly. 

Now, the spaces Sub''p^rpiW,V) and Sur1^^p(W,V) fit into pull-back diagrams 
(67) Snhlyy^W, V) Sub(H^, V) Sur^^^p(V^, V) Sur(Vr, V) 



re, 13 



Snh{/3W, V) — ^ Suh{N,{dW), V) Sur(/3iy, V) — ^ SuT{N,{dW), V) 

The right vertical maps r and r' are defined by / f\Ne(dW) and the bottom horizontal 
maps in both diagrams are induced by the projections pr^ : N^{dW) — )• /3W . We claim that 
the restriction maps 

r : Sub(iy, V) — > Suh{N,{dW), V) 

r : Sur(l^,\/) — > ^\xi{N,{dW),V) 

are Serre-fibrations. We will prove this next. Since r and r' are Serre-fibrations, the spaces 
Subtly p (14^, V) and Sur^,y p(14^, V) are actually the homotopy pull-backs of the diagrams (67). 
Now, by Phillip's submersion theorem [T^], the maps 

Sub(/3iy, V) Sur(/3iy, V) , 

Sub(Ar,(9Vr), V) ^m{N,{dW), V) , 

Sub(iy, V) Sur(iy, V) , 



are all weak- homotopy equivalences compatible with the diagrams of 67 It follows that 
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is a homotopy equivalence. Taking the direct limit as e ^ we get that 

SuhpwAW, V) ^ SuT^wAW, V) 

is a weak homotopy equivalence. □ 
Lemma 10.2. The restriction map 

r : Suh(W, V) > Suh(N,(dW), V) 

is a fibration. 

Proof. To prove this we will first need to prove that r' : Sur(W^, — > Sm(N^(dW),V) is 
a Serre-fibration. The space Sur(iy, V) can be identified with the space of sections of the 
locally trivial fibre-bundle given by the composition 

HomMax n.A7r*wiTW),7r*y{TV)) WxV W . 

The proof that r' : Sur(l^, y) — > Su-r{Ne{dW),V) is a Serre-fibration comes from the fol- 
lowing: 

Proposition 10.3. Let E — >■ B he a locally trivial fibre-bunde with B is a Manifold. Let A 
be a submanifold. Then the restriction map 

Tb{E) Ta{E U) 

is a Serre-fibration. 

Proof. For E — )■ B a trivial fibre-bundle, the proof follows from the well known fact that 
the restriction map: 

C\B,F) — >C^{A,F) 

is a fibration when the pair {B,A) is a cofibration, F is any space. To extend this result to 
any locally trivial fibre-bundle, choose a triangulation of B that restricts to a triangulation 
of A. Using the fact that the bundle E is trivialized over any simplex, one can proceeds by 
an induction on the simplices oi B . □ 

Now to show that the restriction map 

Suh{W, V) Suh{N,{dW), V) 

is a fibration. Let X be a finite CW complex. Consider the diagram 

X X {0} ^ Suh{W, V) > Sm{TW, TV) 



X X [0, 1] ^ Suh{N,{dW), V) Sui:{TN,{dW),TV). 
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Proposition [103] implies that DoF lifts to (£) o F)- : X x [0, 1] — > Sur{TW, TV) such that 
vyx{o} = D o f . Now we can apply the Relative-Parametric H-principle from [5] to 
get a homotopy through formal submersions St , such that 

i. So = (DoF)' 

ii. Si is integrable and hence represented by an actual submersion. 

iii. St Ux{o}= / for all t, 

iv. St{x,r) \TdWxlo,e)= F{x,r) for all (x,r) e X x [0, 1] and for all t. 

With this family of formal submersions constructed, we see that si gives us the desired lift of 
the homotopy F proving that our restriction map is indeed a Serre-fibration. □ 

11. The Stabilization Map 



In this section we prove a lemma that implies Claim 7.4| used in the proof of Lemma 7^ This 



result is essentially a relative version of pTl Lemma 3.2.3]. 

For any space X and vector bundles Vi, and V2 over X, let Isox(Vi,V2) be the space of 
bundle-isomorphisms covering Idx ■ There is a stabilization map 

a : Isox(V^i, V2) — ^ Isox(l^i © e\ V2 © e^) given by 

For what follows, let M be a compact P-manifold with OqM = (in this case like in the 
previous sections we will skip indices on d and (3 since there is no ambiguity). 

Let h : dM x [0,1) — )■ M be a collar embedding and set Ns{dM) := h{dM x [0,5]) where 
< 5 < 1. Let F^, F^ be vector bundles of the same fibre- dimension over M such that their 
restrictions to Ns{dM) have splittings. 



(69) 



\Ns(dM) = -E* X e\ 



where F* — > dM , EJ^j^^ — > I^M , and Ep — > P are vectors bundles, and i = 1,2. 



Definition 11.1. Let E'^,E'^ be vector bundles over M with the splittings specified in (69). 
We define lso1f{E\E^) to be the space of bundle isomorphisms / : F^ — > F^ covering 
Mm , that satisfy the following conditions: 

i. The restriction of / to Ns{dM) has splitting, 

f \dM= f X Id,i 

where / : Fi — > E2 is a bundle isomorphism covering IdgM ■ 

ii. The bundle map / : Fi — > E2 has splitting, 

/ = fl3M X IdEp 

where fjSM '■ Ej^M — ^ -^^a/ ^ bundle isomorphism covering Id^M ■ 
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Just like in (68), there is a stabilization map 

(70) lso%''{E\ E^) ^ ^^o1f{E^ © e\ E^ © e^), 

given by 

/I ^/©/4,. 

Theorem 11.1. Let k be the fibre- dimension of E^ such that k > dim(M) . Let p be the 
fibre- dimension of Ep and so k — p — 1 is the fibre- dimension of E^^j^j- . The stabilization map 



a from (70) is (A; — dim(M) — 1) -connected. 



Proof. First note that the space lso^f{E^, E'^) can be realized as the pull-back of the diagram, 
(71) Isom{E\E^) 



IsOpMiEpM^Ejj^j 



Isor 



NsidM){E^ \NsidM),J^ \Ns{dM) 



E' 



where the right-vertical map is given by restriction, and the bottom horizontal map is given 
by 



The vertical map in (71) is a Serre-fibration. This implies that Iso^,}^(-E'^, -E"^) is in fact 



homotopy equivalent to the homotopy pull-back of (71) and is homotopy invariant. We now 



apply yj^ Lemma 3.2.3]to see that the stabilization maps. 



lso{E\E^^ 



lso{E^®e,E^ 



IsoaA/(-E^ \dM,E'^ 



IdM 



■^^Iso3m{E^ \dM ®e,E^ \9M ©e) 



lsOfSM{Elj,.j,Ejjy,jj 



Iso,3m{EI 



e.El 



are each {k — dim(M) — 1) -connected. These stabilization maps are natural with respect to 
the pull-back diagram ( 71 Using the fact that the vertical maps in the pull-back diagram are 



Serre fibrations, the stabilization map 

a : lsol^{E\ E^) Iso^f (^^ ®e\E^® e'] 
is {k — dim(M) — 1) -connected. 



□ 
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Appendix A. 



In this section we prove two lemmas which imply Lemma |3.2| and Theorem |3.3[ These results 
are slight modifications of results from |3j and [10]. The proofs are very similar to the ones 
given in these papers. 

Lemma A.l. Let W be a d- dimensional P -manifold. Let eo,ei be fixed positive constants. 
Fix an embedding P )■ ]Rp+™'. The quotient map, 

, : EmHW, 10. 1| x x E--")--). ^ Emb(Vr. [0. 1] x R x R^-^~)S. 

is a locally trivial fibre bundle. 



Diff(lV)k.i 



Proof. Let / G Emh{W, [0, 1] x M+ x M'^-i+")^2, and let [/] denote the class of / in 

Emb{W, [0, 1] X M+ X ]^d-i+n^{P) 



Diff(W)Si 

Notice that f{W) is the same submanifold for all / G q~^{[f])- We will refer to this subman- 
ifold as f{W). Let N f{W) be the normal bundle for f{W) in [0, 1] x M+ x M'^-i+". We 
choose a tubular neighborhood N of f{W) in the standard way by taking N to be the image 
of the exponential map 

exp : A — y [0, 1] x R+ x 

restricted to a sufficiently small neighborhood of the zero section A. By compactness of W 
we may take this sufficiently small neighborhood of the zero section to be 

Ns = {{x,v) e N \ \v\ <6} 

where 5 is a sufficiently small positive real number. Recall that exp is defined by sending 
G to the point 7:c,„(l) where 'yx,v is the unique geodesic segment starting at x and 
with initial velocity equal to v. There is a projection map 

TT : iV — ^ f{W) 

defined to be the inverse of exp Itv^ . Notice that since we are in Euclidean space, these geodesic 
segments are just straight lines orthogonal f(W). 

Claim A.2. Let {s,x,p) G [0,ei) x ([0,1] x j^d-i+n-p-m^ ^ ip{P) . We then have 
(72) vr(s,x,p) = (s,7r^Ha^),P) 

where Tr^'^*"^ is the projection map for a tubular neighborhood of f{/3iW) in the product 

{0} X [0, 1] X Rd-l+n-p^m_ 

Proof of Claim. Notice that the restriction of the normal bundle A to the submanifold 

[0,ei) X f{f3^W) X zp(P) = [0,ei) x f{d,W) 
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has the factorization |[o,ei)x/(/3iVK)xip(P) = {0} x N^^w x Np, where Np^w is the normal 
bundle for PiW in [0, 1] x M'^-^+^-p-™ and Np is the normal bundle for ip{P) in W+p . From 
this, it follows that for any point (s,x,p) G [0,ei) x f^PiW) x ip{P) any geodesic segment 
starting at (s,x,p) and with initial velocity normal to [0,ei) x f{PiW) x ip{P) will have the 
form if: h-)- (s, (t), 7^(t)) where 7^^ is a geodesic in [0, 1] x ^d-i+n-p-m g^a^jng at x with 
initial velocity normal to f3iW and 7^ is a geodesic in M^"'"''" starting at p with initial velocity 
normal to ip{P). The claim follows easily from these observations. □ 

Now let iV be a tubular neighborhood of f{W) chosen as above. N has the property that if 
dist{x, f{W)) < S then x E N. Now let 

U C Emh{W, [0, 1] X M+ X M'^-^+")<2i 

be an open subset with the property that g{W) G N ioT all g E U . By definition of the 
topology, such a subset does indeed exist. 

Claim A. 3. There is an open subset U' C U such that for all g eU' , the map f^^ on o g is 
an element of Dm{W)P 



Proof of Claim. We define C°°(W^)S, to be the space of all smooth maps / : W — > W that 



satisfy the conditions of Definition 3.1 but may fail to be a diffeomorphism; i.e. smooth maps 
/ : W — > W that respect corners, collars of length eo, Ci , and with / |aiVK= fpw x I dp ioi a 
smooth map fpw '■ ~^ [3W . It is easy to see that 

is an open subset. We define a map 

a : Emb(iy, [0, 1] x M+ x M'^-i+")<2i 
by the formula a{g) = f^^ o n o g. One can check that by this formula, a{g) is actually 



/ei IS open m 

such that 



an element of C°^{W)eo,e'i_- It is also clear that a is continuous. Now, «(/) = Idw- Since 

)eo,ei 



Diff(W^)Si 

IS open m we can choose a neig hborhood V about Idw in C'^{W)^P 



V C Diff (ly) 



We now set U' := a ^iV) fl U . This set has the desired properties. □ 
Using the same proof, it follows that for all g E U' and all / E Q'^^ ([/]), f^^°T^°g is an 



element of DiS{W) 



(P) 



Now let U be chosen as in Claim A. 3 Notice that by the result of Claim A. 3, for any 
g EU , the the restriction vr \g{w) is injective and a diffeomorphism onto f{W). By how vr is 
defined, this implies that for each g E U' and x E f{W), there is a unique geodesic segment 
contained in N which starts at x with initial velocity orthogonal to f{W) and ends at a 
point in g{W) . We denote such a geodesic by F^' . Notice again that the submanifold g{W) 
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only depends on the class [g] so this curve is well defined. Now for g G U' and x G f{W) 
we define A([5f],a;) := dist{g{W),x) . Notice that T^i\X{[g],x) is the unique point along the 
curve segment Fx' that lies in g{W). Also note that 

7r(r[^](A([<7],x))=z 

for all g eU' and x G f{W) . 

Let U' := q{U'). We construct a local trivialization 
by setting 



where x G W , [g] G U and / G g ^ ( [/] ) . It follows from Claim |A.3 



that 4>{[g], f) is an 

embedding and it is easy to see that q{(f){[g], /)) = [g] . Continuity of follows from the fact 
A([5f],x) = dist{g{W), x) is a continuous function of u x f(W) and from the fact that the 
exponential function is smooth. The inverse to (p is defined by setting 

□ 

The proof of this theorem can be easily adjusted to show to that 

q : Emh{W, [0, 1] x M+ x R'^-^+^Y^) Diff(iyV) 

is a locally trivial fibre-bundle. Taking the direct limit as n — )■ oo gives a proof of Theorem 

m 

Let be a (i-dimensional manifold with corners modeled on [0, oo)^ x M™^^, in other words 
a P-manifold with P = -k. Let 

Emb(iy,[0,oo)2xM-2)«^ 

and 

Emb((9oVr, {0} X [0,oo) x M"^-2)W 
be spaces of neat embeddings which respect collars of width eo and ei . 

Theorem A. 4. The restriction map 

r : Emb(W, [0, oof x W'^)'tl,^ — > Emb(9oVr, {0} x [0, oo) x M™-2)« 
is a locally trivial fibre-bundle. 

Proof. Let / G Emb{doW, {0} x [0, oo) x IR™"^)^*^ . To prove the theorem it will suffice to 
construct a map 

(73) 7]:U Diff([0, oof x W^'^f^J^,^ 
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where U isa suitably chosen neighborhood of / in 'Emh{doW, {0} x [0, oo) x]R'"^^)ei^ , such that 
r]{g)of = g for aX\geU and r]{f) = Id. We note that in by Diff([0, oo)^ xR"'-^)i^l, we 
mean the space of diffeomorphisms with compact supports. A diffeomorphism with compact 
support is a diffeomorphism that is the identity outside of some compact subspace. With such 
a map rj constructed we obtain a local trivialization 

(f):Ux r~\f) r-\U) 

defined by the formula 

0(^7,/) = V{9){f) 
where g & U and / G r^^{f)- We see that 

riHg, /)) = r{ri{g) o /) = ri{g) o r(/) = ri{g) o f = g. 
The inverse to (j) is defined by the formula, 

where g G r^^{U) and r{g) = g. Since 

Vig) <=> f = g =^ f = Vigy^ °g we have, 

rivig)"^ °g) = v'\g)°g = f 

which implies that (j)~^{{g) is actually in U x r^^(/). It is easy to check that this map is 
actually the inverse to (p. 



Claim A. 5. There exists a map r] as in (73) such that ri{g) o f = g for all g G U and 

v{f) = id. 

Proof of Claim. Let / be as above. Let — )■ f{dQW) be the normal bundle of f{dQW) in 
{0} X [0, oo) X M™^^. Let 5 > be a real number such that the restriction of 

exp: N {0} x [0, oo) x W^'^ 

to the subspace A'^ := {{x,v) G A^ | |f | < 5} is an embedding. We then define 

Ns := exp{Ns). 

Ns is a tubular neighborhood about fidoW) in {0} x [0, oo) x ]R™~^ with the property that 
if dist{x,f{do)) < 6 then xeNs- Clearly if 6' < 6 then iVy cNs- Let tc : Ns ^ f {doW) 
be the projection map. Notice the factorization, 

N |/(eo,iW')x[o,fi) = ^fidoAW) X 

where A^/(ao ^w) is the normal bundle for f{do,iW) in {0} x {0} x M"^^^ . By a similar argument 
as made in the proof of Claim A. 2, we see that for (s, x) G {0} x [0, ei) x ]R™~^ with s G [0, ei) 
and X G M™^^, we have 7i{s,x) = {s,7i^°'^{x)) where vr^"-^ is the projection map for a tubular 
neighborhood of f{do^iW) in {0} x {0} x M™^^ corresponding to the normal bundle A^/(ao,iVK) • 
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Now let U' be an open neighborhood in Emb(9oM, {0} x [0, oo) x ]R'^~^)ef^ with the property 
that g{doW) C Ns for all g e U' . Let 

A: [0,oo) ^ [0,1] 

be a smooth non- increasing function such that A(t) = 1 for t < ^6 and X{t) = for t > ^6. 
Let 

C: [0,oo) ^ [0,oo) 

be a smooth function with ({t) = for t < eo, C{t) > 6 for t > 2eo such that ( is 
strictly-increasing on {eQ,oo). Let 

p : [0, oof X M™-2 

be the standard linear retraction. We define a function 

7]' -.U' C°"([0, oo)2 X M'"-^ [0, oo)2 X W"~^)il\^ 



(where C°°([0,oo)^ x R"^ ^, [0,oo)^ x M™ ^)£o!<:i is understood to consist of functions with 
compact support) by setting ri{g){so, Si,x) = (so,Si,x) if (0,si,x) ^ Ng and by setting 

v'{9){so,si,x) =p( (so,si,x) + A{|(C(so),7r(si,x) - {si,x))\} ■ [{0, gf'^7i{si,x) - tt{si,x))] 



when (0,si,x) & Ns. In the above formula, | ■ | is the Euclidean norm and the addition and 
subtraction symbols are the standard vector space addition and subtraction in MJ^ . One can 
verify that for each g ^ U , we have 

ri{g) e C°"([0, oof X W^-^, [0, oof x M™"')^;!,^ and that 

Vig) <=> f = 9 and ri{f) = Id. 

Now since Difr([0, cx))^ x R"'-^)ill, is open in C°^{[0,oof x M^-^, [0,oof x M'"-^)^^^ ^nd 
i]{f) = Id is a. diffeomorphism, we can choose an open neighborhood U about / contained in 
U such that 



ry(^)G Diff([0,oo)2x 



for all g E U . We then define i] to simply be the restriction of i]' to U. This gives the 
proof. □ 



□ 



Taking the direct limits as eo, ei — > oo and m — )■ oo gives the proof of Lemma 



3.2 
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Appendix B. 



In this section we prove several results which together imply Proposition |7.10[ This is very 
similar to the proof of pT| 3.2.5]. 

Proposition B.l. The spaces |D^^| and f2°°^^MT((i + l){p^d,m) both have the structure of 
topological monoids up to homotopy. 

Proof. The monoid (up to homotopy) structure on |D^^^| is defined as follows: Let D^^xD^^ 
be the sheaf defined by letting D^^xD^^(X) consist of all pairs 

((^y^7^^/^e^),(^y2;7^^f ,e^)) G dJ^(X) x B^-HX) 

such that the image of and are disjoint in X x M x M.^ x ]R'^^^+". There is a natural 
map 

(74) /.:Dr-xDj-(X)-^Dr-(X) 

defined by sending a pair {(W^; vr^, e^), {W^; vr^, e^)) to the element 

{W^UW^;7i'U7i^J^Uf\e'Ue^). 

This map yields a partially defined product on t)^^{X) which is clearly associative and 
commutative. The identity element is given by (0; 0, 0, 0) (here the manifold is and the 
maps are the empty maps). It is easy to see that the inclusion map 

is a weak equivalence of sheaves. Roughly, given 

((^y^;7r^/^el),(^y2;7^^/^e2)) G B^/^liX) x dJ.™(X) 

such that the images of ei and 62 intersect, after increasing the dimension of the ambient 
space, one can easily find an isotopy of embeddings which pulls Wi away from W2 ■ 

Letting \k\ be a pseudo-inverse for |j| , the product described above yields a homotopy monoid 
structure on the representing space ID^^^I with product given by 

(75) |D^;J X |D^^J — - ID^i X D^^J |D^;ixD^;il |D^;J 

where the left-most map is some choice of homotopy equivalence. The empty-set element in 
D^^(*) (which induces the empty-set element in D^^(X) for any X by pulling back over 
the constant map) determines an element e G |D^^|. This is easy to see by examining the 
construction of |D^^| as the geometric realization of the simplicial set (/ t— )■ D^jj^(A')) . From 



the fact that the empty set is the identity for the partially defined product in (74) it follows 



that e is the indentity (up to homotopy) for the product defined in (75). Associativity also 



follows from associativity of (74). The monoid structure on MJ{d + l)(p,a,m> is defined 



in the usual way via addition of loops. □ 
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The above proposition implies that both 7ro(|D^^|) and 7ro(fi°°~^MT((i+ l)(p_g^m)) are actual 
monoids. Since fl°°~^MT{d + l)(p,a,m) is an infinite loopspace, 7ro(fi°°~^MT((i + l)(p,a,m)) is 
actually a group since all loops have inverses up to homotopy. 



Proposition B.2. The map 

" '^'d+ll ^ -|VI I |^a+ iJ(P,9,m) 



induces a monoid homomorphism 



By lemma 7.2, this homomorphism is an isomorphism of monoids. Thus 7ro(|D^^|) is actually 
a group. 



Proof. This can be proven by examining the map 

f- : DS(^) ^ 

Let ((W^i; vTi, /i, ei), 7r2, /2, 62)) represent an element of D^'"^d+i>^'Dj^^[k]. We may as- 
sume that Wi and W2 are P-submanifolds of M x x M*^"^"^" and thus come from elements 
of D^^„ • We examine the image of the class representing [Wi U W2; tti U 712, fi U /2, ei U 62) 

under T™. Notice that since the images of Ci and 62 are disjoint, the Thom-collapse map 
induced by the embedding ei U 62 : N]y^ U N]y^ M x IR+ x ]R'^~^+"' has the factorization 

(76) M X D'^^ R X (D'^+'^'V 1)'^+") ^ Th(iVvi/i) V "^(iVH/J 



where the left-most maps in the top and bottom rows of the diagram are the standard equa- 
torial pinch-maps. To be explicit, viewing _D'^+" = (]R_,_ x ^^j^^ one-point compacti- 
fication of M+ x M'^~^+"'), this pinch map which we denote by 

p: (R+x M.'i-^+-^y (M^ X M'^-i+«)c v (M+ x M'^-i+")^ 

is defined by collapsing the hyperplane 

{(xo, (xi, . . . , Xd+n-i)) e M+ X M'^-i+" I Xi = 0}. 

The restriction of p to ({0} X ]R^+")'= can then be seen to factor smash product 

PoAld : ({0}xM^-i+"~P-™)^A(MP+"')^ ^ [({0}xM'^-i+"-p-™)^V ({0}xM^-i+"-p-™)'=] A 

where po is defined by collapsing the hyperplane 

{(Xi, . . .,Xd+n-l-p-m) e M.'^-^+n-p-m | ^ g}. 
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thus yielding commutativity in the left square of (76). The Thom-Pontryagin map for W1UW2 



then takes the form of a composition of the pinch- map p, followed by the map given by 



"ni(^i-+iJv-ni(f/,V, 



■^d P.m. a P.m 



d~p,n—m 



)) A SP+'^ 



and then followed by the standard fold map 



■J a P.m J a P.m 



d—p,n—rnJ 



This induces a map M — > fi'^"''" Cofibre(j^ o Tp^) which is clearly the sum of the Thom- 
Pontryagin maps for Wi and W2 induced by the vertical tubular neighborhoods for their 
normal bundles. Passing to the direct limit as n — ?■ 00 we see that T"^ respects the monoid 
structures. □ 



We can now finish the proof of Proposition 7.101 Let e G |D^Vil be the identity element for 



the monoid structure. The monoid structure implies that for any A; > 0, 



[(5^.o);(|D^;^|,e)] = [S 



ID 



P,m I 1 
cZ+1 |eJ 



where |D^_;,^|e denotes the path component of e. This isomorphism of the set of classes of 
based-maps with the set of classes of un-based-maps follows from the fact that tti always 
acts trivially on the path component of the identity of such spaces with a homotopy-monoid 
structure, see [HI 4A.3]. A similar statement holds for the component of the identity element in 
Q°°~^MT{d + l)(p,a,m) as well. Now, the monoid structure yields a group action of 7ro(|D^^|) 

on [S'' , iD^^lj^l]. For any two path components |D^^'^|a;o! l^d+il^i^ ^^^^ group action of ttq 
yields an isomorphism. 



[S', |D 



P,m I 1 



|D 



P,m I 1 
d+1 U'lJ- 
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The same isomorphism holds for the different path componenets of ^MT{d+ l)(p,9,m) as 
well. These two observations together imply the isomorphisms 



^^dDdlil) = nj^P,m,, and 



7r,(n°°-iMT(rf + l)(p,a,™>; 



fi— iMT(rf+l)(p,a,„)] 



for any choice of base point. From this identification of the homotopy groups, the set isomor- 



phism in Lemma 32 implies the isomorphism of homotopy groups. 

Appendix C. 

In this section we prove two Lemmas that pertain to embeddings of P-manifolds. The first 
lemma is used to prove Lemma |5.3[ The second is used in the proof of 7.3 



Lemma C.l. Let X e Ob{X) and {W; n, f) e D^;"^„(X) . Assume that X for some I . 
Now suppose that n > 2 ■ dim(X) + d + 3— p — m. Then, the element {W; tt, f) is concordant 
to an element that lies in the image of the inclusion D/_^.^_^{X) — > D^^'^^(X). 

Proof. We use a technique here very similar to the one used in the proof of the Whitney 
Embedding Theorem given in P, 3.5]. In order to prove this lemma, we seek a vector 

which is orthogonal to the subspace M x M+ x {0} x c M x M+ x ^d-i+n-p-m ^ ^p+m 

such that the map 

e^:W ^XXMXM+X ]^d-l+n-p-m ^ ^p+m 

given by 

(77) w I ^ {Idx{w), proj^±{w)) i ^i{{Idx{w), proj^±{w))) 

is an embedding, where i : X x ^ X x R x IR+ x '^d-i+n-p-m ^ j^p+m ^.j^g inclusion. 
Assuming that such a vector v exists, by the fact that v was chosen to be orthogonal to 
M X R_^_ X {0} X the image e{W) will still be a P-manifold with boundary embedded 

in the correct way specified in the definition of T)^^^. Furthermore the restriction of the 
projection onto X will still be a submersion and projection onto X x M still proper thus 
yielding a new element {e{W)] tt' , /') G D^^,^(X) . It is easy to check that the embedding e 
is isotopic to the original inclusion of W and thus {e{W); tt', /') is concordant to {W; vr, /) in 
D^;";„(X). Notice that e{W) C X X f-*- where f is a codimension 1 half-vector subspace 
of M X ]R+ X ]^d.-i+n-p-m ^ ]^p+m ^ Upou applying an appropriate rotation of 

M X M . X ]^d-l+n-p-m ^ ^p+m 
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we see that (VT; vr, /) is concordant to an element in the image of 

Recall that we are assuming that X C M' . It will suffice to find a vector v as above such that 



that the map given by (77) is a proper, injective, immersion. In order for Cy to be injective, 
it will sufficient to for v to not be parallel to any secant line in x M x IR+ x ^d-i+n-p-m ^ j^p+m 
connecting two points of W . The map e„ fails to be injective precisely when v is parallel to 
some secant line through W . 

Consider the map 

g:W xW\/\^ ^d-l+n-p-m-l 

given by 

proj{x-y) 

9{x,y) = v: -, ^ 

\\proj{x-y)\\ 

where 

proj : X M X M+ X r^-i+^-p-™ x ^ ^d-i+n-p-m 

is the projection. By assumption 

dim{W xW\A) = 2(dim(X) + d + 1) < dim{S'^-^+''~P-"'-^) = d-l + n-p-m~l. 

Since g is a. smooth map, the dimensionality implies that the image of g is of measure zero. 
Therefore we can choose a vector v G ^'^-i+^-p-'"-! \ g{W x W \ A). We then set v to be 
the image of v' under the embedding of ^'^-i+n-p-'^-i ^ x M x M+ x ]^d-i+n-p-m ^ ^p+m 
via zero-section. It is clear that v is not parallel to any secant line through W and that v is 
orthogonal to x M x M+ x {0} x . 

Now for V to be such that is an immersion, it will suffice for v to not be parallel to any 
tangent vector of . fails to be an immersion precisely when v is parallel to some tangent 
vector to W . For what follows, view the tangent space TW as a subspace of 

X X M X M+ X ^d-l+n-p-m ^ j^p+m ^ 

We then define 

proj{TT{v)) 



q : TW ^ S'^-^+'^-P-"'-^ by q{i 



\\proj{TT{v))\\' 
where 

7r:iyxM'xMxM+X J^d-l+n-p-m ^ ^p+m ^ X M X R+ X M.d-l+n~p~m ^ ^p+m 

is the projection and proj is the same projection used above. Like in the previous case, 
dim{TW) < dim(S''^~^"'""'~^~™'~^) and since g is a smooth map, q{TW) has measure zero in 
gd-i+n-p-m-i ^ We then may choose v' in the compliment of q(TW) U g{W x \ A). By 
embedding ^d-i+n-P-^-i j^^^ x M x M+ x u^-i+n-p-m ^ j^p+m zero-section, we obtain 
a vector v orthogonal to x M x ]R+ x {0} x ]Rp+™ such that is an injective immersion. 
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Now, by definition of D ^(X) , tlie map (vr, /) : W — )■ X x M given by projection is proper. 
By flow V was chosen, the subspace f must contain the subspace 

M X {0} X {0} X {0} C M X M+ X ]^d-l+n-p-m ^ ^p+m^ 



This impiies that the projection (vr, /) factors through the projection e from (77) and thus e 
is a proper map as weli as being an injective immersion for the right choice of v. This proves 
the lemma. □ 



A similar lemma can also be proven for the sheaf D^^„. Lemma C.l implies that 



is surjective whenever n>d + 3 + 2k+p + m. lin>d + 5 + 2k + p + m then 

is injective as well. This can be seen by applying the above Lemma to show that any concor- 
dance, an element of D^^^(S''^ x M), is concordant to an element of ^d+in-i 

{S'' X M) . This 

proves Lemma [5. 3[ 

Lemma C.2 (Whitney Approximation For P-Manifolds). Fix an embedding ip : P ^ ]Rp+™. 
Let W be a compact P manifold of dimension d with doW = . Let 

] - W — ^ M+ X X 

be an element of C°°{W, M+ x x Mp+'")(^.'^> , see If n > 2d + p + m , then j can 

be approximated by an element of Emb(iy, IR+ x K"-p-™ x ]RP+™)(-P.m> . 

Proof. Let j as in the statement of the Lemma be given. We may assume that dW is 
given a collar dW x [0,1] C W and that j is a smooth map with the property that if 
{t, w,p) e [0,1] X f3W X P = [0, 1] X dW then 

j{t,w,p) = {t,j^wMp)) e [0, 1] X M"-^— X 
where jjsw '■ — > ^n~p-m ^ smooth map. Choose a P-manifold embedding (an element 
of Emh{W, M+ X M"-p-™ x Mp+'")(-P'"^) ) 

e:W^R+x W~p-"^ x 
which respects the collar [0, 1] x dW . For {t,w,p) G [0, 1] x j3W x P we have 

e{t,w,p) = {t,e^w,ip) G M+ x R^-p-™ x W^"" 
for some embedding e^w '■ PW ]R^~p~™. We follow this embedding with the inclusion 

M+ X M'-P-™ X M X mr-P-"^ X 

and denote (with abuse of notation) by e : ?■ M x M^'^^"™ x MP"*"™ the resulting composition. 
Now consider the map 

J xe:W — ^ (M+ X R"-p-^ x x (R x M'-P"'" x 
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This map is an embedding of as a manifold with boundary, however it is not an element 
of Emh{W, M+ X M"-p-"^ x Mp+'»)(-p.™) . We will need to alter this map. Let 

: K — ^ [0, 1] 

be a smooth map with (pit) — when t < ^ and with = 1 when ^ > | such that is 
strictly increasing on ( |, |) ■ We now define 

$ : R X W-P-"^ X R*'+"* — >Rx Wp-"^ x R*'+"* 

by the formula 

(^{t,x,z) = it, X, (pit) ■ z) 
for {t, x,z) eRx W-P-"^ X RJ'+"*. Now consider the map 

j X i^oe) -.W ^ (R+x R"-f-"^ X Rf+"*) X (R X W-p-^ x Mp+"'). 
For {t,w,p) e [0, |] X PW X P, by the definition of $ we have 

(j X {^oe)){t,w,p) = {{t,j^w{w),ip{p)),{t,e^w{b),0)), where 

{{t,jpw{w),ipip)), it,epw{b),0)) G (M+ x R"-?'-"* x Rf+"') x (M x Wp-"" x Rp+"*). 

Since e^vF is an embedding, it follows that up to permutation of factors, j x ($ o e) is a 
P-manifold embedding on the collar [0, ^] x dW . It can also be checked by examining the 
definition of $ that j x ($ o e) is an embedding on all of W and so j' x ($ o e) is an element 
of Emb(PF, R+ X W^-p-"^ x ]Rp+"^)('P:™> . We now must alter this embedding to one that is 
arbitrarily close (in the metric for any k) to the original map j . Notice that the map j 
is equal to the composition tt o (j x ($ o e)) where 

TT : (R+ X W-P-^ X Rf+"*) X (R X W'-p-'^ x Rf+"') ^ R+ x R^-p-"^ x Rf+'" 

is the projection. It will suffice then to find an appropriate {n + 1) -dimensional subspace 

1/ C (R+ X W-P-"" X W+'^) X (R X W-P-"" X R^'+"') 

with (R+ X {0} X RP+"') X ({0} x {0} x {0}) C V such that the map given by 

projvo{j X ($oe)) 

is an embedding with projv arbitrarily close, within e-distance in the C°° norm for any 
chosen e > 0, to the projection tt. For n sufficiently large, the proof of existence of such 
a projection proceeds exactly as in the proof of the previous lemma. The sufficiency of the 
estimate 

n > 2d + p + m 

is easy to check using the technique in the proof of the previous lemma. □ 
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